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1. INTRODUCTION 


THE present memoir embodies the results of experimental studies undertaken 
in the newly built spectroscopic laboratory of the Raman Research Institute. 
It is also the first report on the results of a programme of research on the 
Raman spectra of crystals undertaken with a view to obtain a fuller experi- 
mental knowledge as well as a deeper theoretical understanding of the phe- 
nomena which present themselves in this field. The present memoir ccn- 
cerns itself with the case of calcite. This was, quite naturally, one of the 
crystals to be investigated by the earliest workers in the field. An extensive 
literature has therefore accumulated which deals with the Raman spectrum 
of calcite and its theoretical interpretation. Nevertheless, the present in- 


vestigation has brought to light several new facts with important theoretical 
implications. 


It appears appropriate in the present memoir to begin with a brief de- 
scription of the special features of the new laboratory which was designed 
and built with a view to carrying out investigations in this field of research. 
It also appears appropriate to give some details of the experimental tech- 
niques adopted in the present investigation which have enabled the results 
described in it to be achieved. 


2. THE New SPECTROSCOPIC LABORATORY 


The Raman effect being inherently a phenomenon of low intensity, its 
study usually requires the employment of fast spectrographs and. of powerful 
sources of monochromatic illumination. Even so, it is necessary to give 
long exposures in order to record the fainter details of the spectra with satis- 
factory intensity. A serious difficulty in such work is the blurring of the 
spectral lines noticed with prolonged exposures, arising mainly because of 
the variations in the temperature of the spectrographs and of the dispersing 
prisms contdined in them, The new laboratory and its equipment were 
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designed with the special aim of eliminating this difficulty as completely as 
possible. 


The new laboratory is a massive structure of granite which faces north 
and south without any doors or windows on the eastern and western walls, 
The building contains two large spectrographic rooms, each 30 feet square 
and 18 feet high, these being separated from each other by a small 
hall through which they can be entered, by a photometer room and by a dark 
room for photographic work; entry into the latter can be made through 
labyrinths connecting them with the spectrographic rooms on either side. 
Each of the latter is provided with a false roof of thermally insulating material 
containing apertures which permit of a low-draught ventilation upwards, 
The windows of the spectrographic rooms face north and south and are set 
in such a position that no sunlight ever falls on them. Each of the windows 
is double, the outer one being of glass and the inner of wood. The admission 
of light and air into the rooms can thus be strictly controlled. With these 
arrangements, the diurnal variation of temperature within the laboratory 
was kept at a minimum and the continued operation of mercury lamps within 
the laboratory did not result in any noticeable fluctuations in temperature, 


It was found of advantage to use two spectrographs in the present investi- 
gation, both of them being Hilger instruments with quartz prisms and lenses; 
one of them was the well-known medium size spectrograph of the ordinary 
or direct type and the other was a large automatic spectrograph of the Litt- 
row type. The smaller instrument was some twenty times as fast as the 
larger instrument and was therefore to be preferred when the object was to 
record the fainter details of the spectrum as completely as possible. The 
larger instrument had a greater resolving power and was therefore more 
suitable for exhibiting the finer details of the spectrum. However, it suffers 
from the disadvantage of the so-called ‘‘ Littrow fog” which sets the limit 
to the length of exposures which could usefully be given with it. Each spec- 
trograph was placed on a massive teakwood table inside a double-walled 
box enclosing the instrument completely, the inner walls of the box being 
of insulating boards and the outer walls of compressed fibre boards imper- 
vious to air; the two walls are separated by an air gap. The small aperture 
through which the slit of the spectrograph was illuminated was closed by 
a polished plate of quartz. This arrangement successfully prevented any 
changes in the temperature of the air of the room penetrating through the 
enclosures into the instrument, so much so that single exposures could be 
continued as long as desired over several days or even weeks without any 
blurring of the spectral lines, | 
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3. THE EXPERIMENTAL ARRANGEMENTS 


The monochromatic illumination used was the A 2536-5 resonance radia- 
tion of a water-cooled magnet controlled mercury arc in silica, the current 
being kept well below two amperes. A heavy inductance was introduced 
in series with the arc to make it stable. It was found much preferable to use, 
instead of a completely sealed arc, one that was continuously evacuated. 
It was however necessary to employ an efficient high-speed pump and to 
run the arc for a sufficient time for the lines due to oxygen and nitrogen of 
the air to be eliminated before starting an exposure. The water-cooling of 
the arc was effected internally and only at the mercury pool electrodes, the 
arrangement being similar to that adopted in the Toronto type of mercury 
lamps. The most successful type of electrode was one with parallel strands 
of fine molybdenum wire sealed up by pressure in a narrow tubule of silica 
and finally closed up by molten lead. The current was led in by copper wires 
fixed in the lead. 


The crystal was illuminated by placing it quite close to the arc, a current 
of air from a fan being directed against it continuously to prevent it from 
warming up. The scattered radiations were focussed on the slit of the spectro- 
graph with a quartz lens, suitable apertures being introduced in the path 
of both incident and scattered radiations to minimise parasitic illumination. 
Dishes of mercury inside the spectrograph provided enough mercury vapour 
to filter out the resonance radiation from the scattered light before it reaches 
the photographic plate. A comparison spectrum of the light of the mercury 
arc was recorded in each case on the same plate with an exposure sufficient 
to bring out even the faintest lines. 


It should be mentioned that not all crystals of calcite are equally trans- 
parent to the A 2536-5 resonance radiation. The best of the specimens avail- 
able in the museum of this Institute were used in the present investigation. 
One of them was a large, flawless and transparent rhomb 3” x2” x2” pur- 
chased some years ago in New York. A smaller specimen presented by 
Prof. A. Neuhaus of the Mineralogical Institute of Bonn proved to be of 
excellent quality and was also used in the research. The advantage of using 
such clear crystals is that the lines of the mercury arc other than the A 2536-5 
appear only feebly and some of them not at all even in strongly exposed 
spectrograms. Such of the lines as do appear are readily identified by refer- 
ence to the comparison spectrum of the mercury arc. The possibility of a 
mercury arc line being mistaken for a Raman shift or vice versa is thereby 
rendered negligible. The distribution of intensity in the Raman lines along 


their length is usually different from that of the mercury lines and this is a 
Ale 
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further clue which enables them to be distinguished from each other. The 
analysis of the spectrograms is further facilitated by the extraordinary inten- 
sity of the A 2536-5 radiation in comparison with that of the other lines of 
the mercury arc run under the conditions employed in the present investiga- 
tion. Even with the very long exposures given in order to record the faintest 
Raman shifts, the other lines of the mercury arc do not give observable Raman 
shifts except in a very few cases. In particular, it has been noticed that the 
triplet of mercury lines A 2652-04, A 2653-68 and A 2655-13 as well as the 
line A 2576-29 do excite the strongest Raman lines observably. As the posi- 


tions of these lines are exactly calculable, it is easy to locate and eliminate 
them. 


4. GENERAL DESCRIPTION OF THE RESULTS 


Five frequency shifts which expressed in wave-numbers are respectively 
155, 282, 712, 1086 and 1436 are the most conspicuous features in the Raman 
spectrum of calcite and were recognized by the earliest investigators, notably 
Cabannes, Nisi and Rasetti. The three larger frequency shifts arise from 
the internal vibrations of the CO, groups contained in the crystal, while the 
two smaller frequency shifts arise from the external vibrations of the CO, 
groups which involve translatory and rotatory oscillations of those groups. 


We are concerned in the present paper with the study of the various 
features which make their appearance in the spectra when the exposures are 
sufficiently prolonged. These changes are most conveniently exhibited in 
reproductions by recording the spectra with the maximum exposures practi- 
cable and then printing them to different depths. The deeper prints exhibit 
only the most conspicuous features, while in the lighter prints the fainter 
details are by comparison strongly emphasized. It is found that the repro- 
ductions thus obtained represent approximately the effect of varying the ori- 
ginal period of exposure of the spectrogram. 


Figure | (a) in Plate IV is a reproduction of a deep print of a spectro- 
gram recorded with our larger instrument by giving an exposure of 100 hours 
and using a slit-width of 0-05 mm. Fig. 1 (b) in the same Plate is a com- 
parison spectrum of the mercury arc. The five principal Raman lines referred 
to above and their anti-Stokes components are immediately recognized by 
comparing the two photographs. Fig. | (c) in the same Plate is a light print 
of the same spectrogram. It shows various additional features to which we 
shall return later. A microphotometer record on the scale 1:4 of the same 
spectrogram is reproduced as Fig. 2 in Plate V. 


Figure 3 (a) and Fig. 3(c) are respectively deep and light prints of a 
spectrogram recorded with the smaller instrument giving an exposure of 
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60 hours and using a slit-width 0-04mm. Taking into account the greater 
speed of the smaller instrument, this exposure is roughly ten times greater 
than that used in recording Figs. 1 (a) and 1(c) in Plate IV. Under 
the conditions of the experiment, an exposure of five minutes was found to 
be sufficient to record all the five Raman lines. Thus, the spectrum repro- 
duced in the Plate represents an exposure 720 times greater than that needed 
to record what is ordinarily regarded as the Raman spectrum of calcite. 
Comparing Fig. 1 (a) in Plate IV with Fig. 3 (c) in Plate VI, it 
seems almost incredible that they represent one and the same phenomenon. 
The heavy exposure and the light printing adopted for Fig. 3 (c) have evidently 
resulted in enormously emphasizing the fainter features of the spectrum, 
while in Fig. 1 (a) they are not observable at all. The transition from one 
extreme to the other can be traced in the sequence from Fig. 1 (a) to Fig. 1 (c) 
in Plate IV and then from Fig. 3 (a) to Fig. 3 (c) in Plate VI. A 
microphotometer record of the heavily exposed spectrum on the scale 1:8 
is reproduced as Fig. 4 in Plate VII. 


Amongst the phenomena with which we are concerned in the present 
paper is one of great interest which appears to have been passed over by the 
eatlier investigators without notice, viz., the transformation of the principal 
Raman shifts from more or less sharply defined lines as recorded with the 
minimum exposures into bands covering an appreciable range of wave- 
lengths in the strongly exposed spectra. This feature is clearly noticeable 
in the spectrograms and microphotometer records reproduced in Plates IV, V, 
Vi and VII. The phenomenon is zot of instrumental origin or due to photo- 
graphic halation. This is clear from the fact that it is not exhibited by the 
mercury arc lines of comparable intensity simultaneously recorded in the 
spectra. The latter do indeed show the well-known photographic spread 
resulting from prolonged exposures. But this is relatively small and the 
edges of the lines remain quite sharp. The difference in the behaviour of 
the lines of the mercury arc and of the principal Raman shifts can be seen 
very readily by comparing them in the series of four spectra reproduced in 
Plates IV and VI. It 1s also evident from a comparison of the micro- 
photometer records reproduced as Fig. 2 in Plate V and Fig. 4 in Plate VII. 
While there is hardly any difference in the aspect of the mercury 
arc lines in these two records, there is an enormous difference in the beha- 
viour of the Raman shifts. Fig. 4 in Plate VII exhibits several features 
Which are scarcely, if at all, noticeable in Fig. 2 of Plate V. These, 
of course, are the fainter features which are recorded in the spectrum only 
when long exposures are given. The principal Raman shifts which appear 
in both records also present very different aspects in them. In the record 
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of the strongly exposed spectrogram they appear broadened out unsymmetri- 
cally. This effect is shown by all the five principal Raman shifts but to very 
different extents. It is only with difficulty observable in the case of the 
712 cm.-! shift which might indeed be mistaken for a mercury arc line in this 
respect. On the other hand, the 1436 cm. shift exhibits it very conspicu- 
ously. Its unsymmetrical broadening is noticeable even in Fig. 2 of Plate V 
as will be apparent on comparing its profile with those of the mercury arc 
lines and is very conspicuous in Fig. 4 of Plate VII. The principal 
Raman shift of 1086 cm.-! shows the effect conspicuously. It is also exhi- 
bited by the low-frequency shifts 155 cm! and 282 cm.-!; the unsymmetrical 
broadening of these two lines is evident even in the weakly exposed spectrum 
and in its photometer record, while in the strongly exposed spectra, the 
broadening is so large that these two frequency shifts as well as their anti- 


Stokes components seem to run into each other and form an apparently con- 
tinuous band of illumination. 


We may interpret these phenomena by describing them as due to satellite 
radiations which accompany the principal Raman lines and represent shifts 
of frequency differing from them by relatively small amounts. The unsym- 
metrical character of the broadening indicates that the frequency shifts of 
the satellite radiations are for the most part smaller than those of the Raman 
lines which they accompany. The intensity of the satellite radiations is of 


course very small and this is indicated by the very long exposures needed 
to record them. 


5. THE PRINCIPAL RAMAN SHIFT WITH ITS SATELLITES AND OVERTONES 


Light is thrown on the nature and origin of the phenomenon referred 
to above by a critical study of the principal Raman frequency shift 
of 1086 cm.-! arising from the totally symmetric internal vibrations of the 
CO, ion and the accompaniments of that line. Rasetti in his investigation 
made with an instrument similar to our smaller spectrograph, observed and 
reported that the principal frequency shift of 1086 cm.-! is accompanied by 
a frequency shift of 1067 cm.-! to which he assigned an intensity zero as com- 
pared with an intensity fifty for the main line. In the present investigation, 
it has been noted that the spectrogram recorded with the smaller instrument 
and a fine slit exhibits, besides the frequency shift of 1067 cm.-! recorded by 
Rasetti, another and much fainter line clearly resolved from it and further 
removed from the principal frequency shift. This component has been 
proved by exact measurement to be the 1086 cm.— shift excited by radiation 
of wave-length A 2534-8 which appears as a companion of the resonance 
radiation of wave-length 2536-5. The features referred to above ate 
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indicated by inflexions in the microphotometer record on the scale 1:8 
reproduced as Fig. 4 in Plate VII. But they are seen much more clearly 
in the microphotometer record on the much larger scale of 1: 50 reproduced 
as Fig. 6 in Plate IX. The unsymmetrical broadening of the principal 
Raman shift is very conspicuously exhibited by that record. 


The greater dispersion and resolution of the larger spectrograph used in the 
present investigation has proved itself invaluable in revealing the true charac- 
ters of the phenomenon now under consideration. In the spectrogram, 
obtained with that instrument and reproduced as Fig. 1 (c) in Plate IV 
the features mentioned above are both recognizable. They are however 
shown far more clearly in the greatly enlarged picture of a part of the same 
spectrogram reproduced as Fig. 5(6) in Plate VIII. The extreme sharp- 
ness and discrete character of the 1067 cm.-! shift is clearly shown in that 
reproduction. The sharpness of the 1086 cm.— shift given by the radiation 
\2534:8 of the mercury arc also seen in that picture is noteworthy as it serves 
to emphasize the real monochromatism of the Raman shift given by crystals 
as recorded with small exposures. The microphotometer record on the scale 
1:4 of the same spectrogram reproduced as Fig. 2 exhibits these features 
recognizably. But a microphotometer record on a much larger scale is needed 
to disclose the finer features of the phenomenon. Such a record on the scale 
1:50 is reproduced as Fig. 1 in the text. 


The principal peak corresponding to the frequency shift of 1086 cm.-! and 
the clearly separated subsidiary peak with a shift of 1067cm- are both 
conspicuous features in the record. Intermediately between these peaks, the 
photometer curve exhibits two inflexions in its course which correspond to 
frequency shifts of 1072 cm.-' and 1075 cm.- respectively. The reality of 
these inflexions has been confirmed by taking microphotometer records at 
different points along the same spectral line and also with spectrograms 
recorded with different exposures. 


The results of the investigation may thus be stated as follows: The princi- 
pal Raman frequency shift of 1086 cm.-! is accompanied by three satellites 
having frequency shifts of 1067cm., 1072cm.! and 1075 cm.-! respec- 
tively. The reason why the two latter are less conspicuous than the first is 
evidently because that they are closer to the principal shift recorded with 
much greater intensity and are therefore less clearly resolved from it than the 
component differing from it in frequency to the greatest extent. Taking the 
observed facts at their face value, we may explain the appearance of these 
three satellites as due to independent discrete normal modes of vibration 
of the structure of the crystal, which, though Raman-inactive in the first 
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approximation, are rendered feebly active by reason of their proximity jn 
frequency to the strongly active mode of frequency 1086 cm.— and presumably 
also by reason of their possessing certain features of resemblance to it in their 
respective modes of vibration. 
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Fic. 1. Enlarged microphotometer record showing the 1086cm.— line and its 
satellites. 


The foregoing conclusions receive striking support in the features 
observable in the strongly exposed Raman spectra in the vicinity of double 
the frequency shifts under consideration, viz., in the region displaced from 
the exciting radiation by shifts lying between the range 2172cm.- and 
2134cm.-! Shifts of this magnitude would be recorded near the end of the 
reproduced spectrograms furthest from the exciting radiation, They can 
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be seen very clearly not far from the last mercury line in Fig. 3 (a) in Plate 
VI. We observe a sharply defined line with a frequency shift of 2173 cm.*; 
and separated from this by a dark region appears a diffuse line of comparable 
intensity having its peak of intensity at 2148cm.! These features are also 
shown in the spectrum as recorded with the larger instrument and reproduced 
as Fig. 1 (c) in Plate IV. The frequency shift of 2173cm.* here appears 
as a needle-sharp line in striking contrast with the diffuseness of the line 
clearly separated from it and having its maximum of intensity at a frequency 
shift of 2148cm.! The microphotometer records reproduced as Fig. 2 in 
Plate V and Fig. 4 in Plate VII exhibit these features quite clearly. 
The differences in the character of the two microphotometer records arise 
from the great difference in the photographic exposures and of the resolving 
powers of the two instruments employed. A microphotometer record on 
the greatly enlarged scale of 1: 50 showing these features is reproduced 
in the text as Fig. 2. 


The sharp line with a frequency shift of 2173 cm. is clearly the octave 
of the principal Raman frequency shift of 1086cm.! The diffuse line with 
its peak at 2148 cm.-! is explicable as arising from the superposition of the 
octaves of a number of discrete normal modes whose frequencies are Jess 
than 1086cm.-!, the lowest of them being 1067cm.-! and the two others 
having higher values. These normal modes, being inactive, manifest them- 
selves only very weakly as fundamentals. But theory indicates they would 
be Raman-active as octaves to the same extent as the active fundamental of 
1086cm.-!_ The fact that the band centred at 2148 cm. is of comparable 
intensity with the line at 2173 cm.-! thus receives a natural explanation. 


6. THE ORIGIN OF THE SATELLITE RADIATIONS 


The frequency shifts observed in the Raman effect arise from the excita- 
tion of the normal modes of vibration of the atoms in the structure of the 
crystal about their positions of equilibrium by the incident radiation. In 
the determination of these modes and their frequencies, it is usual to consider 
those modes which can be regarded as characteristic of the groups of atoms 
included in the unit cells of the crystal structure. If the unit cell contains 
p atoms, the number of such normal modes of vibration would evidently 
be (3 p — 3), the three excluded degrees of freedom representing the three 
translations of unit cell. But this way of dealing with the matter is obviously 
not complete or satisfactory. If we define a normal mode as one in which 
the atoms in a crystal vibrate with the same frequency and in the same or 
opposite phases, it can be readily shown to be a consequence of its three- 
dimensional periodicity of structure, that a crystal has (24 p — 3) normal 
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Fic. 2. Enlarged microphotometer record showing the overtone of the principal 
Raman shift and other features. ‘ 

modes of vibration, each of which is characterised by a definite monochro- 
matic frequency. In (3 p — 3) of these normal modes, equivalent atoms in 
adjacent cells of the structure have the same amplitude and the same phase 
of vibration, while in the remaining 21 p modes they have the same amplitudes 
of vibration but their phases are opposite along one, two or all the three axes 


of the crystal structure. The latter may be briefly designated as the super- 
lattice vibrations. 


We may proceed to consider the consequences of the foregoing proposi- 
tion in the case of calcite. We shall confine our attention at first to the modes 
involving the totally symmetric internal vibrations of the CO, group. Each 
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unit cell of the crystal structure contains two such groups which are non- 
equivalent, the phases of vibration of which in any normal mode may be 
either the same or opposite. There are eight different situations regarding 
the relative phases of vibration in the unit cells of the crystal adjoining each 
other along the three axes of the structure. Thus, in all, there are 8x2 or 
sixteen possible kinds of normal modes involving the totally symmetric vibra- 
tion of the CO, groups. The rhombohedral symmetry of the crystal however 
makes the two axes perpendicular to the trigonal axis equivalent to each 
: other, thereby reducing the number of distinct normal modes from sixteen to 
: eight only. A further simplification becomes possible when we note that 
| the equivalent CO; groups located along the trigonal axes are remote from 
each other in comparison with their relative distances along the two other 
axes of the crystal. Hence, we may ignore the additional possibilities arising 
from the reversal of phase of their vibrations along the trigonal axis. The 
z number of effectively different normal modes is reduced thereby from eight 
: tofour. The mode that is Raman-active would obviously be the one in which 
any one CO; group has the same phase of vibration as all the other groups 
in its neighbourhood. In each of the three other normal modes, half the 
number of CO; groups vibrate in one phase and the other half in the opposite 
phase and hence they would be Raman-inactive in the first approximation. 





It is evident also that the frequencies of the four normal modes indicated 
by the foregoing considerations would not be identical. For, these frequen- 
cies which are principally determined by the internal forces arising within 
each group would also be influenced by the interactions between similar 
groups vibrating with the same frequency in the neighbourhood and such 
interactions would be altered by a reversal of their relative phases. The 
order of magnitude of the differences in frequency arising in this manner is 
indicated by the well-known fact that while the frequency shift as observed 
q in the crystal is 1086 cm., a similar vibration in solutions containing CO, 
o- &§ ions gives a frequency shift of only 1065 cm-? 
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As already indicated, the strongly Raman-active vibration in calcite 
gives a frequency shift of 1086 cm. which corresponds to the case in which 
all the CO, groups vibrate in identical phases. Hence, the three other modes 
in which half of them vibrate in opposite phases may be expected to be of 
lower frequencies. Though, as already stated they would be Raman-inactive 

in the first approximation, various considerations indicate that they would 

i i be rendered feebly active by reason of the general similarity in the character 

es i of their vibrations and their close approximation in frequency to the strongly 

active mode, | 
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We have seen in the preceding section that in the strongly exposed Raman 
spectra, the frequency shift of 1086 cm.-! is accompanied by weak satellites with 
lower frequency shifts which are respectively, 1075, 1072 and 1067 cm- 
Further, these satellites manifest themselves as octaves quite as strongly as 
the octave of the 1086cm.-! frequency. These facts are in such excellent 
agreement with the theoretical considerations set forth above as to leave no 
doubt regarding the correctness of the explanation. It is also easy to under- 
stand why the 1086 cm.—! frequency exhibits the phenomenon of the satellites 
in such a clear and conspicuous manner. Being itself an extremely intense 
line, the satellites which derive from it have observable intensities and being 
themselves also sharp are seen resolved from it when a spectrograph of ade- 
quate power is brought to bear on them. 


7. SATELLITES AND OVERTONES OF OTHER FREQUENCY SHIFTS 


Besides the three modes of internal vibration of the CO, groups appear- 
ing as frequency shifts in the Raman spectrum, there is still another in which 
the carbon and oxygen atoms in these groups oscillate in opposite phases 
along the trigonal axis of symmetry. Theory indicates that such an oscilla- 
tion would be infra-red active but would not give a Raman shift of the same 
frequency, though it might give one with double that frequency. These 
indications of theory are in agreement with observation. A sharply defined 
maximum located at 877 cm. is observed in the infra-red absorption by 
thin layers of very finely powdered calcite. Per contra, no frequency shift 
in that vicinity is observable even in the most strongly exposed Raman spectra. 
Cabannes, Nisi and others noticed and recorded a sharp line with a frequency 
shift of 1749 cm. in the Raman spectrum of calcite. This is clearly identi- 
fiable as the octave of the mode of vibration referred to above. Fig. 5 (c) 
in Plate VIII recorded with the A 4358 excitation exhibits this frequency shift 
with a notable intensity. In the excitation by A 2536-5, the same frequency 
shift appears as a line falling between the second and third components of 
the triplet in the spectrum of the mercury arc; though it can be observed 
in that position, a detailed investigation is difficult. So far as is ascertainable, 
the frequency shift is a single line not accompanied by any satellites or com- 
panions. 


As already reported in an earlier section, the frequency shift of 1436 cm. 
conspicuously exhibits an unsymmetrical broadening in strongly exposed 
spectra. In the microphotometer record reproduced in Fig. 2 of Plate V, 
three satellites can be recognized whose frequency shifts are respectively 1399, 
1412 and 1418cm.-! In the microphotometer record of the more heavily 
exposed spectrum reproduced in Fig. 4 of Plate VII, the unsymmetrical 
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n broadening is clearly visible but the satellites are not resolved from the parent 
h line. Their presence however is clearly indicated in the record obtained on 
“=. a larger scale 1:50 and reproduced below as Fig. 3 in the text. 
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y Fic. 3. Enlarged microphotometer record showing 1436 cm.— line and other features. 
f In Fig. 4 (Plate VID), the positions where the octaves of the 1436cm.} 
, shift and of its satellites appear are indicated in the microphotometer record. 
. They fall on and near the triplet of Raman lines having a common frequency 
: shift of 1086 cm.—! excited by the triplet of the mercury arc and this makes 

it difficult to describe them completely. It is evident, however, that the inten- 

* sity of the overtones of 1436 cm.—! and its satellites is very small compared 
d i with the intensity of the octaves of the 1086 cm.—! and of its satellites. The 
f i" enlarged microphotometer record reproduced in the text as Fig. 4 how- 
, ‘= ever makes it clear that the satellites of the 1436 cm.— shift manifest themselves 


as octaves no less conspicuously than their parent line, 
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Fic. 4. Enlarged microphotometer record showing the overtones of 1436cm.~ line 
and of its satellites. 


The 712cm.-! frequency shift is much less intense than the 1436 cm. 
and its unsymmetrical broadening is barely perceptible. The microphotometer 
record reproduced as Fig. 6 in Plate IX however shows a weak companion 
which may be interpreted as a satellite line with a frequency shift of 685 cm.-! 
It is however difficult to exclude the possibility that this may be only the 
712 cm.-! shift excited by the weak 2534-8 line of the mercury arc. 


The octave of the 712 cm.-! frequency may be expected to be extremely 
weak. Even otherwise, it could scarcely be expected to be observable, since 
it would overlap the 1436 cm.- shift in the spectra recorded with the necessary 
exposures. 

8. THE LOW-FREQUENCY SPECTRUM 


We now proceed to consider the characters of the Raman spectrum 
in the region of the smaller frequency shifts (< 600cm.-"). The most con- 
spicuous features in this region are of course the frequency shifts of 155 cm? 
and 282 cm.-, the latter being much the stronger of the two. They have been 
identified as arising from the translatory oscillations of the CO, groups in 
their own plane combined with rotational oscillations about an axis also lying 
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in that plane. The two other types of oscillation of the CO; groups which 
are possible are translations along the trigonal axis and rotations also about 
the same axis. Theory indicates that such oscillations would be Raman- 
inactive. The question however arises whether movements of the latter two 
types might not in the second approximation exhibit themselves weakly as 
frequency shifts. The answer to this question appears to be in the affirma- 
tive. Cabannes in his earliest studies noticed and recorded a line in the 
spectrum with a frequency shift of 221cm.-! The reality of this has been 
definitely established by the present investigation. It is visible as a sharp 
line between the two strong Raman lines in the spectrograms reproduced as 
Fig. 1 (c) in Plate IV and Fig. 5 (a) in Plate VIII. It also manifests 
itself conspicuously as peaks on both sides of the exciting radiation in the 
microphotometer record of the same spectrogram as Fig. 2 of Plate V. 


Various considerations indicate that the frequency shift of 221 cm.— 
the reality of which is thus definitely established represents the normal mode 
in which the CO, groups in the crystal oscillate in a direction normal to their 
planes, neighbouring layers of the CO; groups periodically approaching and 
receding from each other, the layers of Ca ions intermediate between them 
remaining at rest. The frequency of such an oscillation may be expected to 
be that actually observed. Confirmatory evidence of the correctness of this 
explanation of the 221 cm. shift of frequency comes to hand from a com- 
parison of the low-frequency Raman spectra of calcite and aragonite. There 
are striking resemblances and also noteworthy differences between the two 
spectra, these being evidently consequences of the close similarities as well as 
the specific differences in the structures of the two crystals. Modes of oscilla- 
tion of the CO, groups similar to those now under consideration are Raman- 
active in aragonite by reason of its lower symmetry of structure. Indeed, 
a close group of lines with an average frequency shift of 215 cm.—! and having 
a notable intensity is a very striking feature in the spectrum of aragonite. 


Hibben in his book reports having observed frequency shifts of -- 86 cm.-! 
in the Raman spectrum of calcite. Some support for this claim is forthcom- 
ing in the present investigation, though the matter has not been placed com- 
pletely beyond doubt. The rotational oscillation of the CO, groups about 
the trigonal axis of symmetry might be expected to have a frequency of that 
order of magnitude. 


We may now briefly comment upon the explanation of the behaviour 
of the two principal Raman shifts in this region in strongly exposed spectra 
already described earlier in the present paper. Dynamical theory indicates 
that the unit cell in the calcite structure consisting of two CO, groups and two 
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Ca ions intervening between them has ten different normal modes of vibra- 
tion. If the alternations in the phase of the vibration in adjacent unit cells 
along the three axes of the structure are also taken into account, this number 
would be increased to forty in all. The additional thirty modes would have 
frequencies different from those of the corresponding modes in the group 
of ten first referred to. Only two out of these forty modes would, strictly 
speaking, be Raman-active. But it appears inevitable that when one or the 
other of these two modes is excited, other modes approximating to them in 
frequency would also be excited, though only very feebly. The spectrum 
consisting of such a crowd of satellite radiations with different frequencies 
would naturally appear more or less continuous and this is what is actually 
observed. 








































The nature of the vibrations now under consideration is such that we 
could scarcely expect them to exhibit overtones with any notable intensities, 
and indeed no evidence is forthcoming of such overtones as discrete frequency 
shifts in the region under consideration. But we do observe a weak band 
of illumination in the spectrum covering the whole range of frequency shifts 
upto 600cm.-' This may be regarded as a superposition of the effects aris- 
ing from all the forty possible normal modes of vibration. 




















9. COMBINATIONAL FREQUENCY SHIFTS 


We proceed to consider and report on the various features observed 
in the strongly exposed Raman spectra of calcite other than those already 
discussed above. It appears desirable to make some comments of a general 
nature regarding the principles on which the interpretations suggested are 
based. It is essential in the first place to make the most accurate measure- 
ments of the frequency shifts proposed to be interpreted as well as of the 
frequency shifts to which they might be related as overtones or combinations. 
It is not possible, however, to base interpretations solely on arithmetical 
agreements, as the latter might be purely fortuitous. Nor is it permissible 
to base the interpretations entirely on the selection rules which have been 
proposed on theoretical grounds. Frequency shifts might be permitted by 
those rules and yet be unobservable by reason of vanishingly small intensity 
or other circumstances. Further, the selection rules themselves rest on cer- 
tain assumptions and are therefore not necessarily valid in all cases. In view 
of these remarks, it is important that other factors are also taken into consi- 
deration. The intensity and spectral character of the frequency shifts are 
factors of particular importance in this respect. These remarks are made, 
since the reservations which they imply have been overlooked in several 
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instances in the earlier literature and assignments have been proposed which 
are wholly unacceptable. 


An examination of the strongly exposed spectra and of their micro- 
photometer records reveals numerous features calling for explanation. After 
a careful review of the various possibilities, we find the most reasonable inter- 
pretation to be that they arise from combinations of the various normal 
modes of vibrations of the unit cells in the crystal structure with the two nor- 
mal modes having frequencies respectively of 1086 and 875cm.-! The for- 
mer is the totally symmetric oscillation of the CO; groups which gives by far 
the most intense line in the Raman spectrum, while the other is an infra-red 
active mode which gives a Raman shift of double its frequency with notable 
intensity. We find it possible in the manner indicated to explain practically 
every one of the observed features in the spectrum. Table I gives a 


TABLE I 


Observed frequency shifts: Their characters and suggested origins 





{ 

1186 cm Diffuse and weak 1086+ 100cm.? | 
1241 ,, Sharp and weak 1086+ 155 ,, 
| 1275: ,, Diffuse and very weak 1086+ 189 ,, 
| 1305 ,, Sharp and very weak 1086+ 221 ,, 
| 1370 ,, Sharp and strong 1086+ 282 ,, 
1795. ,, Sharp but weak 1086+ 712 ,, 
ae Indication only 1086+-1436 ,, 














list of the combinations of the first kind and Table II a list of the combinations 
of the second kind. It is significant that while the octaves of the two fre- 
quencies 1086 and 875 cm.“! are conspicuous features in the Raman spectrum, 
no frequency shift in the vicinity of 1961 cm.-! which would represent a sum- 
mation of them is observable even in the most strongly exposed spectra. 
This is readily understood, since the atomic vibrations in these two modes 
occur in mutually perpendicular directions and that while one of them is 
totally absent in the infra-red absorption spectrum, the other is conspicuously 
present. 


The following comments may be offered on the entries in Table I. That 
the strongly Raman-active frequency 1086 cm.-! would combine with other 
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strongly Raman-active frequencies, viz., 155, 282, 712 and 1436 cm.— to give 
sharply defined summational shifts is only to be expected. That the strongest 
of them is also the combination with the strongly active 282 cm.“ is also intel- 
ligible. That no summations appear in Table I corresponding to the strongly 
infra-red active normal modes with frequencies 330 and 357 cm. might have 
been anticipated on theoretical grounds. The corresponding summations, 
viz., 1416 and 1443 cm.-! would in any event, however, have been unobser- 
vable owing to their overlap with the strong 1436 cm.-' Raman shift. Table] 
also records summations with three other low frequencies, viz., 100, 189 and 
221 cm.-!, the former two as weak and diffuse lines and the latter as a weak 
but sharp line. The first two frequencies are presumably to be identified 
with two normal modes which are infra-red active, while the 221 cm.—! repre- 
sents a normal mode which itself appears weakly as a Raman shift and the 
nature of which has been discussed earlier in this paper. 


In strong contrast with the entries in Table I, the frequency shifts listed 
in Table II appear in most cases as diffuse bands but with notable intensities. 
The two bands of lowest frequency are respectively a summational and a 
differential, the former being the more intense of the two, the frequency 
involved being in either case 84cm.-' As remarked earlier in the paper, 
this frequency probably represents the rotational oscillations of the CO, 
groups in their own plane. The appearance in Table II of summations with the 
Raman-active frequencies of 155 and 282 cm. is very surprising, but there is 
no question as to their reality, since they are recorded with notable intensities 
and no alternative explanation of these features is forthcoming. Here, as in three 
other cases listed in Table I, there is a clear-cut violation of the selection rules 
of which the explanation must be left an open question. The other frequencies 
of which the summations are listed in Table II are those manifesting them- 
selves Strongly in infra-red absorption. Investigators in the latter field are 
agreed that the maximum which appears in nearly the same position as the 
Raman frequency shift of 712 cm.—! is a sharply defined one. It is therefore 
not surprising that the corresponding summation listed in Table II also 
appears as a strong sharp line. The position is however different with regard 
to the last two summations appearing in the table. Hunt and collaborators 
who have investigated the infra-red absorption by a very thin layer of powder- 
ed calcite record a peak at 1439 cm.-', but this is only the crest of a very 
broad maximum and it is therefore not surprising that the corresponding 
summation appears in Table II as a diffuse band. Perhaps the most remark- 
able entry in the table is that of the extremely diffuse band which corres- 
ponds to a summation with an infra-red absorption band having a maximum 
at 1340 cm. There is no place for such a frequency in the scheme of normal 
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TABLE II 


Observed frequency shifts : Their characters and suggested origins 





794 cm. | Diffuse and weak 875— 84cm. 
OST .. Diffuse and strong 875+ 84 ,, 
1025 ,, } Diffuse and strong 875+ 155 ,, 

1159 Diffuse and strong 875+ 282 
1207 ,, | Diffuse and weak 875+ 330 
1232 | Sharp and weak 875+ 357 
1582 | Strong and sharp 875+ 706 


2310 











| 
ms .. | Diffuse and strong 875+ 1340 
| 
{ 
| 


Diffuse and strong 875+-1439 








modes of vibration of the unit cell of the calcite structure. The suggestion 
may therefore be hazarded that this band is a satellite or an aggregate of 
satellites accompanying the infra-red absorption at 1439 cm. but distinctly 
separated from it and analogous to the satellites accompanying the 1436 cm.-! 
Raman frequency shift already discussed. This suggestion, it may 
be remarked, is strongly supported by the shape of the absorption curve 
reproduced in the paper by Hunt and collaborators. Their diagram shows 
that the absorption of which the crest appears at 1439 cm. is of a highly 
unsymmetrical shape; it rises steeply from nearly perfect transmission at 
1650 cm.-! to almost complete opacity at 1439 cm.-! and then drops down 
quite gradually to nearly perfect transmission again only at 890 cm. 


In conclusion the author wishes to express his sincere thanks to Prof. 
Sir C. V. Raman, F.R.S., N.L., for the keen interest he took in this investigation 
and for the valuable suggestions that he gave for the preparation of this 
paper. 
10. SUMMARY 


The paper reports the results of a study of the Raman spectrum of calcite 
recorded with prolonged exposures. 


(a) The principal Raman shift of 1086 cm.—' is accompanied by much 
weaker satellites whose frequency shifts are 1067, 1072 and 1075cm.-!_ The 
octave of the principal mode is recorded as a sharp line with a frequency shift 
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of 2173 cm. with a diffuse companion of comparable intensity which is a 
superposition of the octaves of the three satellites. The 1436 cm. Raman 
shift likewise has satellites at 1399, 1412 and 1418cm.— and its octave is 
feebly recorded as a sharp line, while the octaves of the satellites are also 
observed in its vicinity. The origin of the satellite radiations is discussed 
and it is shown that they represent the superlattice vibration frequencies of 
the calcite structure which are feebly excited. 


(b) The appearance of a sharp Raman line with a frequency shift of 
+ 221 cm. is confirmed and it is shown to arise from a normal mode 
usually considered as inactive. 


(c) The two intense Raman shifts of 155 and 282 cm.-! exhibit a highly 
unsymmetrical broadening, as also wings of low intensity spread out over the 
whole range of frequency shifts between — 300 cm. to + 600cm.- This 
spectrum is explicable as arising from a very feeble excitation of the whole 
group of forty lattice and superlattice frequencies of the calcite structure and 
their overtones and combinations. 


(d) Sixteen combinational frequency shifts have been recorded. Seven 
of them are explained as combinations with the 1086 cm.-! Raman line and the 
the nine others as combinations with 875 cm.-! Some of the observed combi- 
nations violate the selection rules. 
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Microphotometer record of the Raman spectrum of calcite recorded with the 
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Fic. 5. The Raman spectrum of calcite; (a) and (6) Enlargements of some portions of 
Fig. 1 (c); (c) Spectrum recorded with \ 4358 excitation. 





‘ydvisonjseds Z1eNb 
TUNIpow oy) YA poureiqo wNsQdeds ssud}UT UB JO POI jojowojoydosorw posiejuy “9 “Ol 


Proc. Ind. Acad. Sci., A, Vol. XLVI, Pl. 1X 











D. Krishnamurti 





THE THEORY OF THE ANHARMONIC 
OSCILLATOR 


By K. S. VISWANATHAN, F.A.Sc. 
(Memoir No. 97 of the Raman Research Institute, Bangalore-6) 


Received May 22, 1957 
1. INTRODUCTION 


ANHARMONICITY of vibration plays an important role in several branches 
of physics. Its importance was first recognised in acoustics'; the presence 
of overtones of the fundamental mode of a tuning fork and the alteration of 
its pitch with intensity changes were successfully accounted for as the effects 
of the anharmonicity of the oscillator. More recently, the subject has 
acquired a fresh interest in relation to the subject of molecular spectroscopy. 
The thermal expansion® of crystals also owes its origin to the anharmonic 
nature of the vibrations inside a crystal lattice. 


It is the object of the present note to give an exact treatment of the 
classical problem of the anharmonic oscillator and also to draw attention to 
certain of its features which by an appeal to the Correspondence Principle 
lead to the results of wave mechanics. In Section 2, exact expressions have 
been given for the shift in the mean position of the oscillator from the origin, 
its frequency and the amplitudes of the different harmonics. In section 4, 
the eigenvalues of the oscillator are determined by using the W.K.B. method. 
It is shown that these are the solutions of a transcendental equation involving 
elliptic functions and that the first correction to any energy level of the system 


from its harmonic oscillator value is identical with the one obtained from the 
perturbation theory. 


2. THE CLASSICAL PROBLEM 


Let m denote the mass of the oscillator and x be its displacement. The 
potential energy of the system may be expressed as 


V = dhix? + hax? (1) 


We stop with the cubic term of the expansion since this is sufficient to explain 
most of the observed features of the spectra of diatomic molecules. Further, 
we take the constant k, to be negative in accordance with the conventions 
of molecular spectroscopy. 


A2 203 
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The equation of conservation of energy for the oscillator is 


tmetikxt+ikxt=h 
where h is the energy of the system. 


Or, 


S = (A — w?x? + 4ax3)t 


a. co? oe and ime 
m m 3m 


A 


Before proceeding further, we consider the roots of the expression 
St (x) = (4ax® — w?x? + A) (4) 


which define the regions wherein the right-hand side of (3) is real. The dis- 
criminant of the cubic, namely (G*? + 4H), is equal to 


64Aa? (4Aa# - >) 


and this will be negative as long as 


(5) 


When this condition is satisfied all the three roots of f(x) = 0 are real, 
and two of them will be positive and the remaining one negative. Denoting 
these roots by x, x2, and x, where x, > Xx, > X3, we have 


f(x) = 4a (x — 1) (% — Xp) (% — Xs). (6) 


Now { f(x)}* is real in two cases, viz., (i) when x > x, or (ii) when x 
lies in the region x, > x > Xs. 


For x > x,,* the force acting on the molecule becomes repulsive and it 
increases with increasing distance of the oscillator from the origin. The 
vibrations in this case are unstable and the oscillator flies off to infinity within 


* The solution in this case is given by x = x, + (x; — xX) nc? (u, k). Since cn (u, k) has 
zeros at points u = (2n + 1) K, where n is an integer, the displacement is infinite at these points. 
Thus within a period t = r/@ after crossing the point x,, the molecule dissociates. 
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a short period after crossing the point x,. In other words, when the inter- 
nuclear distance of a diatomic molecule exceeds its equilibrium value by an 
amount x,, the molecule will dissociate. 


The vibrations in the region x, > x > xs are stable and retain in a 
measure the characteristics of a harmonic oscillator. Writing 


Ata 
T= “a ’ 


the roots of f(x) = 0 are approximately 


2 
x= 7, — 167? — 51274) 


xq = VA 4 27 + 107? + 64e4 + 22408) 


xy = — VAC — 27 + 1074 — 645 + 2240) (1) 


The above relations were derived by using the bionomial expansion in 
the expressions for the roots of the cubic, assuming that 7 is small. One can 
however easily verify by substitution that they satisfy the equation f(x) = 0 
upto terms of the order of w~*. Equation (3) can now be written as 


1 ; dx 
sia wad {(x — x4) (x — x9) (x — x5) }* (8) 





The right-hand side of the above equation is an elliptic integral and its 


value* is 
1 2 coe iar 
Va Vx — Xs X2 —X¢ Mi Xe 


Hence writing u = a(x, — x3) ¢ and 





_ (x2 — Xs) 
° (2, — %)” 


we get the wellknown solution 
X = X_ + (X_, — Xg) sn* (u, k). (9) 


Given the energy of the oscillator, the above equation determines its 
complete course in time. 
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In view of their periodicity properties, the Jacobian elliptic functions 

admit of expansions as Fourier series. For the function sn? (u, k), we have 

the following expansion® (see Whittaker and Watson, p. 520, example 5): 


Pa b= (G = {ER 
—2 Sic Ta 5 008 ny} (10) 
where 
y= ae MS (11) 


K and E are the complete elliptic integrals of the first and second type 
which in terms of hyper-geometric functions are defined by 


EB =5F(-hd1; ky) (12 


and q is a parameter which is related to the modulus & of the elliptic function 
by means of the formula 


q=€+ 2+ 15e° + 1508 + 0( 7) (13) 
where again 
oie 
Te 
and 
ki = (1 — kA, 


Substituting (10) in (9) we get 


, ) . =_ 
— 2n? a a Cos 2ny |. ( 14) 


Equation (14) shows that the displacement of the oscillator is no longer 
a simple sinusoidal function, but contains a constant term and harmonics 
of the fundamental mode. The coefficient of tin 2y namely (7/K) +/a (x, — x) 
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gives the circular frequency of the system. Denoting this by &, we have there- 














fore 
" ae aD ae 
= K Vee —%) (15) 
The shift <x» in the mean position of the oscillator is given by the constant 
term of the expansion (14) and is equal to 
- K—E 
The amplitude of the nth harmonic is proportional to 
. a 
l) ; ( ie q?”) (17) 
e i In particular the intensities of the first three harmonics are in the ratio 
. ae. eee ae 
| c- * (=a I-A — 
a Equations (15) and (16) express the frequency of the oscillator and its 
: mean shift as functions involving elliptic integrals. We shall now obtain 
2) approximations for these which are useful for appreciating their physical 
magnitudes as well as for comparison with earlier work. 
mn 
The following expansions now hold good for k?, K, (K —E) and 
/a (x; — Xs) When 7 <1: 
) k? = 8r(1 — 47 + 5S0r? — 33673 + 369474) 
K =F (1 +27 + 7 + 7878) 
a Va (xy — Xs) = 5 (1 + 27 — 147? + 4879) 
7 (K — EB) = 2n7 (1 — 7 + 417? — 80°57). (18) 
i Substituting (7) and (18) in (15) and (16), one finds after some simplifica- 
, tion that the change in frequency of the oscillator and its mean displacement 
from the origin are approximately given by 
— 15Aa? 
| (@ — o) =—=* (19) 
4) © 
F 3A 225 A*a* 
ger wa = - Ty ei (20) 
ics & respectively. The reader can easily see these to be the same as the expressions 


x) given in books on acoustics, 
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3. Some REMARKS 





We shall now consider how the frequency and mean shift of the oscil- 
lator get modified when the energy of the system is altered. Remembering 
that the quantity A occurring in equations (19, 20) is a constant multiple 


(2/m) of the energy h of the system, we get on differentiation of (19) with res. 


x pebaeer's 


pect to h that 


dy — 15a? 
dh mw @) 
where 


~ 
Ww 


20° 


¥= 


Thus to an approximation which ignores terms of the order of +4, we see 
that the frequency of the oscillator is a decreasing function of the energy, 
the rate of decrease being a constant characteristic of the oscillator. 


From (21) it follows that the change in the frequency of the system as 
its energy is increased from ¢, to €, is 


a 15 2 
“4 €,). 


7mw* (€, — 


Writing <«, = (v + 3/2)hv and «, =(v + 4) hy, we see that this is equal to 
or 


which is the value given by the perturbation theory. Hence in this case § 
even a semi-classical theory is able to give the correct results yielded by wave- | 
mechanics. 


Differentiating now (20) with respect to f, one finds that 


d<«x> _ 6a 900a’ — 

dh mot + Gnade” (22) 
which shows that the mean shift of the oscillator increases with rise in th¢ 
energy of the system, 
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As before, the magnitude of the shift in the vth state may be obtained 
by writing «y = (v + 4) Av in (20). We have 
3ah 225 h? 

coy= 40 +9) + 7B Fe w+ ye (23) 


From the above, it is possible to obtain the stretch (or contraction) in 
the bond-length of a diatomic molecule during a transition between two differ- 
ent quantum states specified by the numbers v and v’ respectively. This is 


given by 


Soh. (v'— v) + 7 FS (0' — oo +0 +1) (24) 


7m? w® 
4. THe ENERGY LEVELS 


The Schrodinger equation for the oscillator is given by 


= re — (e—V)u=0 (25) 


where V has the form given in (1). A method for determining the eigenvalues 
of an equation of the above type was developed by Wentzel, Kramers and 
Brillouin, and this was later refined by Langer.? According to the latter, 
if x, and x, are two consecutive simple zeroes of « — V (x) such that « > V 
for x > x3, and e«< V for x > X,, the eigenvalues of (25) are determined by 


(n+3)2= f ie (<— vy}! dx. (26) 


@ 


Writing A = 2«/m, the above equation becomes 

(n+ 3a = ry (27) 
where 

= f (4ax® — w?x? + A)t dx. 


z3 


The integral I has been evaluated in Appendix [ and substituting the 
value given for it there in (27), one gets 


(n+ yh =e Van, (— (K — E) (2 (a, — 29)" 


+ 1 (m1 + 2) K} (28) 
Where = (x, — Xp) and 13 = (x — Xg): 
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The quantities occurring on the right-hand side of the above equation 
are all functions of « and hence by solving this transcendental equation for 
different integral values of n, the eigenvalues ¢,, €,........ €n Of the oscil- 
lator may be determined. 


In practice, equation (28) can be solved by expressing the right-hand side 
as a power series in the parameter 7 which will result in a series expansion in « 
and then inverting the series. For example, by making use of the expansions 
(7) and (18) and further of the following relations 


4 
2 (X_ — X53)? = zi ; (29) 


™ (m + 12) = — (1 + 127 — 147? + 2407%) 
it can be seen that (28) is equivalent to 
TA 15 
(n+ Hh=Im-F (14+ 57 +0(74). (30) 


Or, writing a = —k,/12m, w» =2mv and A =2e/m we have 


5 ~~ ~ 
@+Dhy = «+ ap 
Hence 
5 k.*h? 
e=(n+h)hv— 96 = (nk (n + 4)? (31) 


which is the eigenvalue of the oscillator as obtained from the perturbation 
theory correct to the second order. By expanding (25) still further than in 
(27), one can obtain higher order corrections. 


The author’s grateful thanks are due to Professor Sir C. V. Raman for 
his kind interest in this work. 


SUMMARY 


Exact expressions have been obtained for the frequency of an anhar- 
monic oscillator, the shift in its equilibrium position from the origin and for 
the amplitudes of its different harmonics. Jt is shown that the frequency 
of the oscillator is a decreasing function of the energy and that some of the 
results of wave-mechanics can be obtained from the classical theory by substi- 
tuting in the classical energy of the oscillator the different energy values of 
a harmonic oscillator. The eigenvalues of the oscillator are determined by 
using the W.K.B. method. The classical theory of a Morse oscillator has 
similarly been worked out in Appendix II, . 
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APPENDIX | 


Evaluation of the integral 1 = i *4/4ax® — a — wx? + A dx. 


Obviously we have 


- , (4ax* — wx? + A) 
t= fo Gic—Dae-wa-zP™ (1) 





If we substitute (x — x) = y? in the above equation and denote by Qn 
the integral 


V1: 
f x™dx Non 
: V(x? — 1m) (x? — 2) 





where 7, = (X_ — Xs) and 7, = (x, — x,), equation (1) takes the form 


T = (pQ¢ + qQa + 1Qz + 5Qo) (2) 


where 
p=4va: 


q= va (12x, — ~"\ : 
r= Va( 12x)? — 20%) : and 


1 
s= /a (4ax, — wx," i A). 


Since x, is a root of f(x) = 0, the constant s in the above is equal to zero. 
The re Qm can be evaluated by reduction formule. For example, 


§ VO = 2G + 5% 


where 





Q = V(x? — 1) (x* — 22). 


If we integrate this equation between 0 and 7,’, the left-hand side vanishes 
and we get 


Qe = 5 (4aQs — 36Q) (3 
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where 

a =(m + 72) and b = nM. 
Similarly 

Q, = $(2aQ, — bQ,). 


Substituting (3) and (4) in (2) we get after some reduction that 


2 . 
[= — 15 Va {2Q, (X12 + X22 + X37) — abQg}. 


Next by the substitution x = z »/,, we find that 


z2dz 


ee. 1 SE: 
all Tab (2) 0 = aap 


BP igg 
Ne 


Or Q, = -7% f sn? (u, k) du = Va, (K — B). 
V 12 0 
Substituting (6) and (7) in (5), one gets 


eee . 
I =f Vana {— © (x2 — x3)? (K — E) + 1 (m + 12) K} 





APPENDIX II 


The potential (1, Section 2) is valid, when the vibrations are small but 
nevertheless depart from harmonicity. Apart from its applications jn 
acoustics, it is useful in studying anharmonicity in complex molecules when 
one splits their vibrations into those of an assembly of anharmonic oscillators, 
For diatomic molecules however Morse® suggested a potential given by 


V = D(il — e #*)2 (1) 
where D is the dissociation energy of the molecule and 8 is a constant, which 
holds good approximately upto the dissociation range. The quantum mecha- 
nical energy values of an oscillator moving in a potential field of the type (1) 
was given by Morse. We give below the classical theory of such an oscillator 


which merits attention in view of its extreme simplicity and for purposes of 
comparison with the quantum theory. 


The equation of energy for the Morse oscillator is 
4 mx? + D(l — ef*)2? =h 


where as before h denotes the energy of the system. Hence 
x*=c-+ by + ay* 
where 


cate: bu =: 
m m 


and y=e f=, (4) 
c can immediately be seen to be negative. 


The turning points for the oscillator in its course are — 1/8 log (1 + 


/h]D) and — 1/8 log. (1 — ~/h/D). ‘We shall measure time from the instant 
the oscillator is at its extremity in the left. 


From (3) and (4) we get 


Keni adil f — 
BJ y Vay? +by+e 
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Hence we have 


h ¥ 
y= 3 log Dm tg log { 1-4/5, cos Bt, /* (D—h) iy } (7) 
The above equation determines the course of the oscillator with time. 


From (7) it is immediately obvious that the frequency of the gravest 
mode is given by 


p=F /20-F (8 a) 


=v(1 = Ly (8 b) 


ms »: 
~ On . 
y will be the (harmonic oscillator) frequency of the system when the anhar- 
monic terms in the expansion of (1) as a power series in x are neglected. 
The eigenvalues of a Morse oscillator are 
En = (1 + d) hv —z(n + 9)* hy (9) 
where 


Bh hv 


2 = teimy — aD’ 7m 


The frequency of emission of the oscillator during a transition from the 
nth state to the one immediately below it is given by 
Vn, n-1 = nee = v(l —_ 2nz) 


rfeta/t—p} (11 a) 
from (10). 


Similarly the frequency of absorption from the nth state is given by 


nt? = rman =v {— 24+ af — Bt. (118) 


Equation (8 5) shows that the frequency of the classical oscillator is 
a decreasing function of its energy. The dependence of the frequencies of 
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emission or absorption on the transitional energy levels is likewise described 
by (11 a) and (115). Apart from the first term which is a consequence of 
the quantum phenonmenon that has no classical analogue, namely, that the 
molecule possesses a zero-point energy and on the non-linear dependence of 
the energy levels on the quantum numbers, the formule (11) possess a striking 
resemblance to the classical formula (85). In fact (v_2°+ v,2™))/2 
depends on the energy of the mth level in the same way as the classical fre- 
quency does with the energy of the system. When the energy equals its dis- 
sociation value the discrete spectrum stops for the oscillator.§ Classically 
its frequency then vanishes. 


In order to find out the shift in the mean position of the oscillator and 


the amplitudes of the different harmonics, we express x as a Fourier cosine 
series in the form 


X=a+ > An COS nu (12) 


n=1 


where u = 27 vt. Then 
+7 
a D 1 4 
do = 3 log om tms log (1-4/7 cos w) du 


— poe Pays fie tft fF] 


i+ 
glog 4 


1-7 A 





(13) 


From the above it follows that the shift in the mean position of the 
oscillator increases with the energy of the system and tends logarithmically 
to infinity when the energy approaches its dissociation value. 


Next we have 


nnd fi og (1— a/Bcos1) cos me du (14) 


The integral may be evaluated by expanding the logarithmic function as 
a power series, and integrating term by term the resulting series which can be 
seen to be uniformly convergent for all values of uin(—7, 7). Thus one gets 
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-2.2,(b) 22 (2m ") 


for even values of n and 
o 1 2 h \28+1/2 1 2s+1 
hei B =. (3) (2s 4+. 1) 228 (2:4 1— ") (15 b) 
— 


for odd values of n. 


The above formule give the law of dependence of the amplitudes of the 
various harmonics on the energy of the oscillator. One notices that the 


amplitude of the nth harmonic is of the order of (h/D)"”?. 
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THE benzo-y-pyrone derivatives—chromones, flavones, isoflavones and xan- 
thones—constitute a group of closely related compounds that occur extensively 
in nature. In each of these sub-groups, chemical evidence based on low acid- 
dissociation and difficulty of methylation of the hydroxyl group and ferric 
chloride reaction, indicates the existence of hydrogen bonds between the 
carbonyl group and the hydroxyl group in the 5- and 3-positions of the chro- 
mone ring. Following the procedure suggested by Bate-Smith and Westall,! 
Simpson and Garden? have found by chromatography that chelation with 
the 5-hydroxyl group is much stronger than that with the 3-hydroxyl group. 
But no quantitative information is available regarding the variations in the 


stabilities of this bond depending on structural features of the different groups 
of compounds. 


No systematic work seems to have been done for the utilisation of benzo- 
pyrone derivatives in analytical chemistry. The formation of an ether- 
soluble highly fluorescent complex with boric acid and citric acid has been 
considered specific for flavonols* and the formation of zirconium complexes 
with flavones and flavonols has been recorded by Horhammer?:* and _ the 
reactions of flavonoids with copper, cadmium and titanium® and _ heavy 
metals? have also been described. However, only two compounds have so 
far been put to actual analytical use. Morin has been employed for the 
detection of aluminium,’ tin,® titanium and zirconium!® and for the deter- 
mination of tin, thorium?? and uranium.?* Quercetin has been used for 
the detection of iron and uranium“ and for the determination of germa- 
nium” and zirconium.'® 


As a preliminary to a systematic study of the analytical uses of benzo- 
pyrone derivatives, a comparison of the stability of metal chelates formed 
by typical members has been undertaken. To avoid complications, only 
monohydroxy compounds have been chosen and the free hydroxyl group 
is left in the 5- or the 3-position of flavones and chromones, 5-position of 
isoflavones and diphenyl chromones and 1-position of xanthones. In certain 
cases methoxyl groups are introduced in the 7-position (3-position in xanthone) 
since this position is invariably substituted in natural flavonoids and such 
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substituted compounds are also easier to prepare; it may be significant to 
note that the 5-hydroxyl group which is the most active in chelation is most 
difficult to methylate and 5-hydroxy-7-methoxy compounds of flavonoids 
are readily made by partial methylation of 5: 7-dihydroxy derivatives. The 
list of compounds examined is given in Table I arranged according to the 
strength of the metal chelate bond. 


For the determination of the degree of formation of the complex (7) 
the method of Calvin and Wilson!” has been adopted. Copper ions have 
been used as the standard and the formation constants of this metal ion with 
each of the benzopyrone derivatives as ligand have been determined in aque- 
ous dioxan medium (2 vol. water: 1 vol. dioxan) potentiometrically. These 
authors have shown that this titration can be done without entailing serious 
error using a glass electrode over the whole pH range. In view of the limited 
objective of our experiments minor interferences have not been taken into 
account. M/100 Solutions of the ligands in dioxan have been titrated in 
the presence of excess of aqueous perchloric acid with normal alkali solution 
both in the presence and absence of cupric ions. Since preliminary experi- 
ments showed that there was no chelation in the presence of sulphate ions 
(see also Burkin1”*), copper nitrate solution has been employed. For the 
determination of stability constants the method of Irving and Rossotti!8 
has been employed. . Since the values of n, the degree of formation, are con- 
siderably below 1-5 in each case, only the value of K, could be determined. 
It would appear, therefore, that the higher complex CuL, has little stability. 
The values of log K, are given in Table I. 











TABLE [ 

log Ky pK, 
1. 1-Hydroxy-3-methoxy xanthone 4-80 10-72 
2. 1-Hydroxy xanthone 4-70 10-72 
3. 5-Hydroxy-7-methoxy flavone 3-45 8-10 
4. 5-Hydroxy flavone 3-40 8-10 
5. 3-Hydroxy-7-methoxy flavone 3-01 7-90 
6. 3-Hydroxy flavone 3-00 7-90 
7. 2-Methyl-5-hydroxy-7-methoxy chromone 2:57 7-85 
8. 2-Methyl-5-hydroxy chromone 2°50 7-90 
9. 2-Methyl-3-hydroxy-7-methoxy chromone 2-30 7:86 
10. 2: 3-Diphenyl-5-hydroxy-7-methoxy chromone 2-10 8-05 
ll. 5-Hydroxy-7-methoxy isoflavone 2-00 8-10 





The results show that the metal-chelate ring in xanthone is the strongest. 


Next in order of stability are the 5-hydroxy flavones followed by 3-hydroxy 
A3 
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flavones. In metal-chelation, isoflavones are weaker than even the chro- 
mones and 2: 3-diphenyl chromones come in between them. Obviously, 
the position of the phenyl group plays an important part. The 2-position is 
highly favourable (cf. flavones and chromones). It should also be pointed 
out that the presence of a methoxyl group in the 3-position in xanthones or 
the 7-position in chromones, flavones and isoflavones exerts a favourable 
influence, though not very marked. 

The observations seem to be in agreement with expectations based on 
the structure of chelate bonds and the influence of substituents on them. 
The two participants in the chelate bond are (a) the carbonyl donor group, 
C = O and (6) the hydrogen atom of the hydroxyl group (or the metal ion), 
The electron-availability at the donor oxygen atom is increased by a phenyl 
group present in conjugation with the carbonyl group in flavones (I) and the 
bond formed is thus much stronger than it is in chromones. In a similar 
manner, the fused benzene ring in xanthone also augments electron-avail. 
ability at the carbonyl group (I). 


OS ay 
WAY Lb 


o- o> 
I II 
The difference in the stability of the five-membered and six-membered 
chelate rings is evident from the stability constants of 5-hydroxy- and 3- 
hydroxy-flavones and chromones. 


The abnormally low values of K, obtained for isoflavone complexes 
require explanation. In isoflavones, the phenyl group is not in conjugation 
with the carbonyl group and hence electron-availability should be the same 
as for the corresponding chromone. However, as was pointed out by Calvin 
and Wilson,?’ the stability of metal-chelate bond is governed by two factors: 
(1) electron-availability and (ii) resonance of the type indicated by fot- 
mulz (Ill) and (IV)... The presence of phenyl group in the 3-position hinders 
the resonance. As a matter of fact; in molecular. models it could be seen 
that the 3-phenyl group makes it difficult to produce planar copper com- 
plex (IV). It may be pointed out, however, that this weakening of the chelate 
ring in isoflavones is operative only in metal-chelate formation and not in 
hydrogen bond formation. This can readily be seen from the pKg values 
of 2-methyl-5-hydroxy-7-methoxy chromone and 5-hydroxy-7-methoxy iso- 
flavone, being 7°85 and 8-1 respectively. 
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O oO 
( WY\ 
wa 
Y — ee 
Oo Oo 
or 
Cu/2 
Ill 
From the above reasoning it will be clear that in 2: 3-diphenyl chromones two 


opposing factors play their part. As a consequence these compounds have 
a slightly higher log K, value than the simpler isoflavones. 


The effect of methoxyl substituent in the 3-position in xanthones and in 
the 7-position of chromones becomes explicable since it will increase electron- 
availability at the carbonyl group by electromeric effect and thus facilitate 
chelation. 


Preparation of the reagents: 


2-Methyl-5-hydroxy chromone and 5-hydroxy flavone have been prepared 
from y-resacetophenone by heating with sodium acetate and acetic anhydride 
in the case of the former!® and sodium benzoate and benzoic anhydride in 
the case of the latter.2° Employing phloracetophenone in a similar manner 
and effecting partial methylation, 2-methyl-5-hydroxy-7-methoxy chromone* 
and 5-hydroxy-7-methoxyflavone have been obtained.22 Allan-Robinson con- 
densation of 2: 4: 6-trihydroxy-phenyl-benzyl ketone with sodium benzoate 
and benzoic anhydride yielded 2: 3-diphenyl-5 : 7-dihydroxy-chromone.2? It 
is more convenient to use for this preparation Baker-Venkataraman reaction 
recently reported by Gupta and Seshadri.* Subsequent partial methylation 
with dimethyl sulphate (1-1 mole) and dry potassium carbonate in dry ace- 
tone solution yielded the 7-methyl ether. 


5-Hydroxy-7-methoxyisoflavone has been made by the ethyl formate 
method using 2-hydroxy-4: 6-dimethoxy-phenyl-benzyl ketone and subsequent 


partial demethylation of the dimethyl ether with hydriodic acid using mild 
conditions.?® 


The most convenient procedure for preparing 3-hydroxy-7-methoxy 
flavone is the partial demethylation of 3 : 7-dimethoxy flavone using aluminium 
chloride and nitrobenzene.** A similar method has been used for the prepa- 
tation of 2-methyl-3-hydroxy-7-methoxy chromone. The substance crystal- 
lised from methanol as colourless rectangular prisms, m.p. 220-21° (decomp.) 
(Found: C, 64-4, H, 4-4; C,,H,.O, requires C, 64-1; H, 4-9%). 












222 G. M. SAXENA AND T. R. SESHADRI 





For the preparation of 3-hydroxy flavone the method of nuclear reduction 
has been employed. For this purpose, 3-methoxy-7-hydroxy. flavone2’ was 
tosylated and subjected to reduction in the presence. of Raney nickel.?8 The 
product was 3-methoxy flavone, which was then demethylated with hydriodic 
acid.8 


|-Hydroxy xanthone and \-hydroxy-3-methoxy xanthone have been pre- 
pared by condensation of salicylic acid with resorcinol®® and phloroglucinol 
dimethyl ether®® respectively in the presence of fused zinc chloride. 


SUMMARY 


A comparative study of hydroxy-benzopyrone derivatives has been made 
with reference to their capacity to form chelate combinations with metals. 
Based on the determination of stability constants it could be concluded that 
1-hydroxy xanthone forms the most stable complex. Addition of a methoxyl 
group in the 3-position has a favourable influence. Among the flavones a 
hydroxyl group in the 5-position forms definitely a stronger complex as com- 
pared with the 3-hydroxyl group. Here also addition of a methoxyl group 
in the 7-position is an advantage. Similar results are obtained with the chro- 
mones though their complexes are comparatively weaker. Isoflavone deri- 


vatives unexpectedly form the weakest complexes and in this case steric fac- § 


tors seem to be involved. The presence of this factor could be noticed in 
the case of 2: 3-diphenyl chromones also which also have abnormally weak 
complexes. 
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1. INTRODUCTION 


THE problem of rotational flow of a liquid past cylinders has been consi- 
dered by many writers. A. R. Mitchell’ has investigated in detail the flow 
past circular, elliptic and parabolic cylinders. By an extension of Blasius 
theorem for rotational flow, De* calculated the thrust due to the flow pas 
cylinders whose cross-sections are bounded by certain family of curves, 


In this paper we have considered the rotational flow past a cylinder of 
regular polygonal cross-section. The problem is simplified by transforming 
the area outside the polygon into the interior of a unit circle. We have also 
calculated the thrust on the cylinder due to liquid motion and it is found that 
the thrust is independent of the number of sides of the polygon provided } 
the length of a side is taken as in (3.4). Further, the case of hypotrochvidal 
cylinders is considered and the thrust is calculated in each case. It may lk 
noted that though the hypotrochoids belong to the same family of curves 


considered by De, these curves were excluded from his investigation, and his 
transformation also was different. 


2. Let the undisturbed motion of the fluid consist of uniform velocity § 
— U along the x-axis and uniform vorticity — w, so that the stream function 
y, of the undisturbed flow is given by 


2 = Uy — fwy?. 
The stream function ¥%, for the disturbed flow satisfies the equation 
Vt, + w = 0. 
Putting 4 = f, — o., we have 
77s = 0. 
The boundary conditions are that 4—>0 at infinity and 
b= — Uy + fay’, 
over the boundary. 
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3. Conformal transformation—Taking the centre of the”polygon as 
origin in the z-plane, the area outside the polygon can be transformed into 
the interior of a unit circle in the t-plane by means of the relation? 


rm (t — ty) 
dz __ iy re 31 
f =A™—,—, (3.1) 
where ¢,, fg,..--tn correspond to the 7 vertices of the polygon and lie on the 
circle |t|=1. The symmetry of the figure shows that we can take the 
t's to be the m roots of **=1. Thus (3.1) takes the simple form 
dz_,(1—*)?” 5 


By adjusting the constant A, we can write 


z= rd — 1m 42 fF pO] — BMA Gy 
0 


i. 2 - 
=F7t 2 aml _; 


r=1 


ate 
@n-a na — 1) 


ee : - es. eee Seer 
ama = 7 (1-5) (2-5) 1 i) Ir (m— 1) 
The infinite series on the right of (3.3) is absolutely convergent for |¢| <1. 


The radius of the circumscribed circle is given by 


=14 3 ams (3.4) 
and a side of the polygon is 
2d sin = . 
4. On the boundary the stream function y satisfies the equation 
~= —Uy+4oy?+c 
=-F@-)-twE-D +o (4.1) 


Where Z is the complex conjugate of z. 
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From (3.2) 














T 
Z= YL apnt"™™™ (a, = 1), 
r=0 
1 1\2 © - 
(z— Zz? = (; a ;) + F a% pny (27-2 4 F2rM-2 _ 2) 
r=1 
+ 5 5 Arn—14sn-1 aes os prnt+sn—2 
r=0 s=0 
asta (77-9 4+ gTh—sn)} r of S, (4.2) j S 
where ¢ is the complex conjugate of f. 
Now 
co co co . 
ZS An-rdsnat™™" = F Km (t™™ + -™), (4.3) 
r=Q0 8=0 m=1 
where 
Kn = z Arn-19rn+mn-1: (4.4) 
Substituting in (4.1) we get ’ 





p=— UC =1) + Fearn — ms 
— tw [G a >) 4 Z A py (127-2 4. F2rN—2) 


+ ZZ Apn-yAgn— (178-2 + FTN+SN-2) 


PER RAGA ss vaste 


—2 5 Km(em™ +7] +. (4.5) 


m=1 


Taking R, 9 as the polar co-ordinates in the t-plane, we can write on the 
boundary of the unit circle R = 1, 4 


b= —U[-sinO+ ¥ amasin (mm — 1) 6] 


r=1 


— fw [cos 20 + > a*»n_, COS (2rn — 2) 0 
r=1 
+ 22 apn. Agn—1 COS (rn + sn — 2) 0 


—2 z Km cos nm | +c. (4.6) 


m=1 
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Therefore we take 


4 6+ ip=U{t— 5 amt} 
be r=1 
— tiw {0 + 3 Apna t2™-2 
r=1 
a 2 Apn—-1Asn—t™ "2 — yo Knit}. (4.7) 
42) § Since 
1 co co co 
z2 —_ 2 + D i A? nyt??? +. py ? Arn—y7sn—1tT M822, 
r=1 r=0 s=0 
we can write 
4.3) § ie = 1 
$+iv=U{—2+(++7)} 
: " 1 oo 
sn — tiw {z* +f-4-2% Kmi™t. (4.8) 
Therefore 





#=—Uy+U(R-R)sino 
— tw |x? —'y® + (R _ Ri) cos 20 


—~ 25 KmR"™ cos nmo} (4.9) 


m=1 


Since on the boundary R = 1 and 


4.5) co 
x? a y? = zz = © A2 pn 5 a 2 a Km Cos nmé, 
the i 
the boundary condition is satisfied. 
For the flow past the cylinder we get the stream function 
5b . 
b, = u(R — R) sin 6 — tw 1? + y? + (R? ~ Re) cos 20 
—2 oy KmR™ cos nmd}. (4.10) 
m=1 
4.6) M4 5. Liquid pressure on the cylinder—Let X, Y and M be the components 


along the axes and the moment about the origin of the pressure thrusts on 
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the cylinder. Then by an extension of Blasius’ theorem for rotational 
flow, we have* 


X-—iY=tip f u—w)d (5.1) 


M = real part of — 4p i z(u — iv)? dz, (5.2) 


c being the boundary of the cylinder. 


From (4.10) the stream function for the flow past the cylinder is the imagi- 
nary part of 


U(#+7)—dio{e+yte—-l-25 z Kmt™™ 


m=1 


The complex velocity at any point is therefore given by 
p = 1 : 1 
u— iv = tiwz — fu(i — pn) — tio (t+ 5 
— EKqnt™™+)} at 
dz* 
On the boundary 


u—iv= tio F amar —{U(1—%)—dio(1 +5 
—n 3 Kymerms)} a. 64 


co 
G=tiw FY appt 
0° 


H=vU(1 ee ee 


X —i¥ = tip j (o¢ +H 4; — 2GH) dt (5.5) 
dt 
M = real part of — 4p J z(a:@ +H - 2GH) dt. (5.9) 


jorS d= 0 
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G@GH dt = 7w (U + t iw) when n= 3, 


= 7wU when n>4. 


dz_1 f 


y ow 14 E dyna (rn — 1) 1h, 


r=1 


The series on the right is absolutely convergent for | t|<1, and 


| Earns (rn —1) t™ < = | dpn+(rn — 1) |. 


a 4. 
Therefore 


a = — ft? [1 + 2 ena (rn == 1) es 
+ {2 apna (rn — 1) 7} + ee] 
So we find 


HS d= —2mUot+ Zot — when n=3, 


= — 27Uw when n>4. 
Therefore for all values of n>3 
X — iY = — 2nripUw 


X=0, Y = 22pUw. 


Thus we see that the force exerted is a lift force and is independent of the 
number of sides of the polygon. 


The contribution to the real part from the first and third integrals in (5.6) 
is clearly zero. The contribution from the second integral is 2*Uw when 
n=3 and it is zero when n>4. Therefore the moment is — mpUw 
when n = 3, and it is zero when n>4. 


6. Cylinder of hypotrochoidal cross-section—The transformation 


z=p(} +m), u>0, 0<m<t, (6.1) 


where n is a positive integer, transforms the outside of the hypotrochoid 
in the z-plane on to the interior of the unit circle in the ¢-plane. The 
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parametric representation of the curve in the z-plane corresponding to the 
circle | t| = 1 in the ¢-plane is given by 


x = p(cos d + mcos n¢) 
y =u (— sing + msin ng). (6.2) 


If m = 0 the curve is a circle; if m = 1 the curve is an ellipse. When 
n=1/m=2 and n= 1/m = 3, the corresponding curves have three and 
four cusps respectively and they resemble in shape a triangle and a square 
respectively. 


Proceeding in the same way as before, we get the stream function for the 
flow past the cylinder to be 


$= WU (RR) sin 9— ado [xt + y* tu {(RE— ) 


x Cos 20 — 2mR™*! cos (n + 1) 0 | - (6.3) 


The thrust on the cylinder for n>2 and mn = 1 may be calculated as 
before. We find when nv = 2, 


X = — 4npp.(U? + fw’), 
Y = jnpp*Uo; 
when n = 3, X = 0, 
Y = 4app*Uo; 
when n = 4, 
X = $mppFw?, 
when n>5, 
X = 0, 


1 
Y = (1 — x) mpp*Uw. 
The moment is found to be — 5/4 zpyu2Uw when n = 2 and it is zero when 


n> 3. 


Adjusting » such that the arc length between two consecutive cusps of 
the hypotrochoid may correspond to the length of a side of the regular 
polygon, the results are tabulated below. 
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Cross-section Drag Lift Moment 





Equilateral triangle ee 0 2mpUw — pUw 

Three-cusped hypotrochoid — (0-445apU? 0-593 mpUw — 0-879 mpUw 
+ 0-176 zpw?) 

Square i ps 0 27pUw 

Four-cusped hypotrochoid 0 0-239 mpUw 





In conclusion I wish to thank Prof. B. R. Seth for his kind guidance 
throughout the preparation of this paper. 


2. SUMMARY 


The stream function for the rotational flow of liquid past a regular 
polygonal cylinder of n sides is obtained and the thrust on the cylinder due 
to liquid motion is calculated. It is found that the thrust is independent 
of the number of sides of the polygon when the length of a side is taken 
as 2d sin (z/n), d being the radius of the circumscribed circle. Further, 
the corresponding problem for hypotrochoidal cylinders is also considered 


and the thrust is calculated in each case. The results for cross-sections of 


equilateral triangle and square are compared with those of hypotrochoids 
of three and four cusps respectively. 
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1. INTRODUCTION 


THE present work is a continuation of the work reported by Sundaramma 
and Suryan (1957) on the values of absorption in CuSO, 5H,O. Copper 
sulphate has been investigated both for magnetic anisotropy (Krishnan and 
Mookerjee, 1936) and for paramagnetic resonance (Bagguley and Griffiths, 
1950), (Arnold and Kip, 1949). The present work is concerned with the 
determination of the absolute values of paramagnetic resonance absorp- 
tion in single crystals of copper sulphate in various directions. The per- 
meability tensor can be represented by x = x’ + iX” and X” is measured 
by resonance methods. 


2. MAGNETIC PROPERTIES OF COPPER SULPHATE 


(a) The magnetic axes and the choice cf crystal orientations for the study 
of X".—As already mentioned there has been considerable data on copper 
sulphate. All the available data go to prove that each of the two inequiva- 
lent copper ions has a tetragonal field around it and the angle between the 
tetragonal axes being about 100°. There is some diversity of notation em- 
ployed for denoting the various magnetic axes of the crystal among various 
workers. Table I summarises the notation. 


The co-ordinates of the above directions with respect to the crystallo- 
graphic axes are as follows :— 


L, (154°, 64°, 51°); Ls (66°, 86°, 42°); 
L. (78°, 130°, 52°); L, (85°, 22°, 100°); 
L, (70°, 41°, 69°). 
The notations used in giving the co-ordinates are as used in the present 
investigation. 


Figure 1 gives a stereographic projection of the crystal about the ‘C’ axis, 
which is invaluable for choosing and visualizing the crystal orientation and 
232 
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TABLE I 
Table of Notation 





Tetra- Normal to Internal External 

gonal the plane bisector bisector 

axis containing of tetra- of tetra- 
2 tetragonal axes gonal axes gonal axes 





Bagguley and 
Griffiths (1950) L; L, L, x L; 


Krishnan and 
Mookerjee (1936) Z Z, a B y 


Arnold and Kip ee ee y B a 
(1949) 
Present Paper L, L, L, L,’ L; 





the direction of the magnetic axes. It is seen from previous data that there 
is practically no variation of g-value in the plane containing the two tetragonal 
axes and the g-value is maximum in that plane. In a direction normal to 
the plane the g-value is minimum and the paramagnetic resonance line is 


100) 


Fic. 1. Stereographic projection of CuSO, 5 H,O about the ‘C’ axis. 


sharp. The susceptibility also behaves similarly and the crystal of copper 
sulphate though triclinic crystallographically behaves like a uniaxial crystal 
so far as magnetic susceptibility is concerned and the unique axis being the 
L, direction.* The L, direction is approximately in the OCP, zone of the 
crystal and is about 9° away from the ‘0’ direction and towards the (1T0) 
direction. The plane L,L, contains one of the tetragonal axes and the 
normal to the plane of the tetragonal axes. Its zone axis is denoted by 


* The L,, L,, L,’ and L, are the various magnetically important axes. 
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*€° in Fig. 1. In the listing of the co-ordinates by Bagguley and Griffiths 
the co-ordinates of L, are erroneously given for Ls and their definition of 
internal bisector does not agree with that ordinarily understood. Thus 
the L, defined by them is the line bisecting the 80° angle between the two 
tetragonal axes rather than the supplement 100° angle one measures when 
going from the positive direc‘ion of L, to positive direction of Ly. The 
L, L, and the L, L, planes are the ones investigated for the absolute values 


paramagnetic resonance absorption besides a few other arbitrary planes for 
check. 


(b) The methods of measuring the values of X".—As already pointed out 
the existing data on paramagnetic substances are mostly in arbitrary units 
and they do not permit comparison among one another or even among the 
different directions of the same crystal. The absolute values of paramagnetic 
resonance absorption are available only for a few crystalline powders in the 
original work of Cummerow and Halliday (1947). Subsequently, the 
Japanese workers (Kumagai and others, 1954) have tried to find validity 
of Kramers-Kronig relation by making measurements of MnSO,.H,O and 
the L, direction of CuSO,5H,O. The earlier methods involve the mea- 
surement of the Q of the cavity resonator and the results depend upon the 
form factor which is not easily evaluated. The use of the cavity Q method 
for the innumerable directions of single crystals would be tedious and a 
simple and relatively less means of finding the absorption would be of 
advantage. Such a method has been tried successfully for several powders 
and the results have been given in a previous paper (Sundaramma, 1956), 
The method in brief consists in comparing the value of absorption of a 
suitably chosen standard substance (whose absorption can be determined 
accurately by other methods once and for all). The method requires accu- 
rate absorption curves if serious errors are to be avoided. As has been 
pointed out in that paper in the section on experimental details, a number 
of precautions have to be taken to-ensure satisfactory results. 


3. CRYSTAL SPECIMENS 


The specimens for investigation were cut and ground from good single 
crystals of copper sulphate. In the L,L, plane the direction represented 
by R in Fig. 1 (i.e., the intersection of the trace of the 100 plane with the 
trace of L, L, plane) was used as a reference direction. The angular dis- 
tance between R and L, is about 30°. The L, L, plane cuts (110) plane at 
Q in Fig. 1 and this direction was used for reference in the L, L, plane. L, 
and Q are 25° from each other. 
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4. RESULTS 


Complete mesurements of paramagnetic resonance peak value, the 
absorption curve and the absorption curve with manganous sulphate as 
standard substance have been taken in both the planes at close enough 
intervals varying from 5° to 15°. From these the g-values, line width, peak 
absorption integrated absorption and the integral occurring in the Kramers- 
Kronig relation have all been calculated. 


The results have been presented in Figs. 2 and 3. Of these the g- 
values agree well with those of the previous workers. The half-widths found 
in this investigation are generally somewhat smaller than those reported by 
Bagguley and Griffiths presumably because of the difference in the frequencies 
of observation (the wave-length being 3-04cm. by Bagguley and Griffiths 
and 3-4cm. in the present case). The results on the absolute values of 
absorption and its variation with direction are entirely new and hence cannot 
be compared and are presented here for the first time. 
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Fic. 2. Experimental curves for the peak absorption and integrated absorption in the 
L,L, plane. (a) Integrated absorption, (6) g-value, (c) line width, (d) peak absorption. 


It is found that the values (peak values) range from about 2 x 10-2 cm.® 
per mole, the peak absorption in the L, direction to 8 x 10-* cm.’, the greatest 
in the L, direction (the line being extremely narrow 50 oersteds full width 
at half power owing to exchange interaction). The total, i.e., the integrated 
absorption is practically constant in the L, L, plane and that in the L, L, 


plane shows a slight minimum in the L, direction. Thus the shape of the 
A4 
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absorption ellipsoid is that of slightly elongated sphere. Within the limits 
of the experimental error (estimated to be a few per cent. overall) the direc- 
tion of the unique axis for X” is the same as that for X’. It is found that the 
Kramers-Kronig relation between zero field susceptibility and the absorption 
curve is satisfied in all cases within the limits of experimental error. 
Table If summarises the values of absorption per mole (peak and 
integrated) for the directions L,, L,, L,; and L, in the crystal. 
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Fic. 3. Experimental curves for the peak absorption and integrated absorption in the 
L, L, plane. (a) Integrated absorption, (5) g-value, (c) line width, (d) peak absorption. 


TABLE II 





Direction L, L, L; L, Powder 





Absorption peak value x 10? 7-9 3-24 5-9 2-98 2-40 
Integrated Absorption 6-81 7°37 7-39 7-38 7-40 





The values in the directions L, and L, may be taken as the principal 
values of the integrated absorption ellipsoid. Before concluding it should 
be emphasised that the absorption here measured is the resonant part alone 
and does not include non-resonant absorption at low fields that due to other 
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causes. The peak absorption values are in units of 10-? x cm.* The total 
absorption values are in cm.* gauss. 


SUMMARY 


The paper presents the result of work done in order to investigate the 
intensity and comparison of intensities in paramagnetic resonance absorption 
in several directions of a single crystal of copper sulphate. It was the 
object of this investigation to see if the absorption tensor was also repre- 
sented by an ellipsoid of revolution and if so to find the principal values of 
the tensor. It is found that the peak absorption is not represented by an 
ellipsoid of revolution. The total or integrated absorption is uniaxial and 
almost spherical. 
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A CONVENIENT method was needed for the exclusive demethylation of the 
5-methoxyl group in flavanones. Aluminium chloride in nitrobenzene and 
hydrobromic acid which are satisfactory in simpler cases are not suitable 
for more complex flavanones because they can demethylate other positions 
also; further, hydrobromic acid can bring about ring isomeric change. 
Aqueous hydrochloric acid, which has been used in the case of furano- 
chromones! and isoflavones,” has not been successful in the partial demethyla- 
tion of flavanones. On the other hand, aluminium chloride in dry ethereal 
solution serves the purpose very well and gives good yields. By means of 
this reagent a number of representative methoxy flavanones have now been 
converted into the corresponding 5-hydroxy compounds. This reagent was 
earlier used by Baker and Simmonds* for the preparation of 5-hydroxy- 


8: 4’-dimethoxy flavone, and has not so far been employed in the flavanone 
series. 


The reagent was first tested in simple cases for the preparation of known 
compounds. 5-Hydroxy flavanone* is smoothly prepared by the demethyla- 
tion of 5-methoxy flavanone. The product is found to be identical with the 
sample obtained by the action of hydrobromic acid on 2-hydroxy-6-methoxy 
chalkone whereby demethylation and ring closure are known to take place 
5-Hydroxy-7-methoxy flavanone was prepared earlier from 5: 7-dimethoxy- 
flavanone by demethylation with aluminium chloride and nitrobenzene’; 
aluminium chloride in ether is much better. Naringenin dimethyl ether’ (1) 
originally obtained by the partial methylation of naringenin (II) with diazo- 
methane is also formed easily from the trimethyl ether (III) by the partial 
demethylation. Under this category comes citronetin methyl ether also (IV). 


Ne Hs 


“( ea — a <__ dor “~~ \/A\ cu ag) YS 


ane 


a4 R= =cth; = 
II R=R’= aa 
III R=R’=CH, 
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For the study of carthamidin (5:7: 8: 4’-tetrahydroxy flavanone) and 
isocarthamidin (5:6:7:4’-tetrahydroxy flavanone) and the recently dis- 
covered dihydrowogonin® (5 : 7-dihydroxy-8-methoxy flavanone), conve- 
nient derivatives, which can be used for comparison, are the partial methyl 
ethers with only the 5-hydroxyl group left free. They are usually made 
by carrying out the partial methylation of the natural hydroxy flavanones 
with diazomethane or with restricted quantities of dimethyl sulphate. 
Authentic samples of synthetic compounds can now be easily obtained for 
comparison by the partial demethylation of synthetic methyl ethers using 
aluminium chloride in ether solution. As typical examples, carthamidin 
trimethyl ether (5-hydroxy-7: 8: 4’-trimethoxy flavanone, V), isocarthamidin 
trimethyl ether (5-hydroxy-6: 7: 4’-trimethoxy flavanone, VI), dihydrowogonin 
monomethyl ether (5-hydroxy-7: 8-dimethoxy flavanone, VII) and also 
5-hydroxy-6: 7-dimethoxy flavanone (VIII) have been prepared by partial 
demethylation. 

OCHs O 

— 2 ye VA ep ono yo Sax —_, = 

ie © al ~ 
CH. 


CH,0O | CH, 
WNZ 


OH CO OH CO 


V R=OCH, VI R=OCH, 
VII R=H VIII R=H 


The method can be conveniently used also for the preparation of certain 
naturally occurring flavanones. As an example, the synthesis of dihydro- 
wogonin® (IX) has now been carried out. For this purpose 7-hydroxy- 
5: 8-dimethoxy flavanone (X) has been prepared by the condensation of 2: 4- 
dihydroxy-3 : 6-dimethoxy acetophenone!” and benzaldehyde and_ subse- 
quent ring closure. This undergoes smooth demethylation with aluminium 
chloride in ether and the product is found to be identical with dihydrowogonin 
(IX), isolated from Prunus avium by Mentzer et al.,® in all its properties and 
reactions except optical activity. The partial methyl ether (7-methyl ether) 
of the synthetic compound has been made by means of diazomethane and 
is found to be identical with a similar sample prepared from natural dihydro- 


OCH, O 


~y rs. XQ 


VY\* CH; 
RO co 

IX R=H 

X R=CH, 
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wogonin™ and also with the synthetic 5-hydroxy-7 : 8-dimethoxy flavanone 
(VII) mentioned earlier. These observations confirm that there has been 
no isomeric change during the demethylation in ether solution. 


Recently Chopin et al.12 condensed iretol with cinnamoyl chloride in 
the presence of aluminium chloride and could isolate the isomeric dihydro- 
oroxylin from the product. They proved the presence of dihydrowogonin 
in the more soluble fractions by chromatography. Our method is quite 
convenient for the synthesis of dihydrowogonin. 


EXPERIMENTAL 
General method of selective demethylation of the 5-methoxyl group 


The 5-methoxy flavanone is dissolved or suspended as very fine powder 
in anhydrous ether, powdered anhydrous aluminium chloride added in 
excess and the mixture stirred for ten minutes and kept at room temperature 
for about twenty-four hours. Ether is then distilled off and the aluminium 
chloride complex decomposed with ice-cold hydrochloric acid which is 
subsequently warmed if necessary for half an hour to complete the de- 
composition. The solid that separates is filtered and washed with water 
and crystallised from a suitable solvent. 


5-Hydroxy flavanone.—(a) Demethylation of 5-methoxy flavanone as 
given above yielded a product which crystallised from alcohol yielding colour- 
less broad rectangular plates, m.p. 63-64° (Found: C, 74:6; H, 5:0; 
C,;H,,0, requires C, 75-0; H, 5:0%). It gives a deep reddish violet colour 
with ferric chloride in alcoholic solution and with concentrated nitric acid 
a permanent green solution. Though the properties and analysis agree with 
the previous description of 5-hydroxy flavanone,‘ the melting point observed 
now is considerably lower. The earlier sample was not available, and the 
earlier method does not give consistent results. However, demethylation 
of 2-hydroxy-6-methoxy chalkone as given below yielded the same product, 
m.p. 63-64°, and hence there was no doubt about the correctness of the 
present sample. 


(b) Demethylation of 2-hydroxy-6-methoxy chalkone with hydrobromic 
acid.—The chalkone (0-5 g.) was treated with a saturated solution of hydro- 
bromic acid in acetic acid (10 c.c.) and the red solution heated on a boiling 
water-bath for two hours. It was then diluted with water (50 c.c.) when a 
dark brown semi-solid separated. This was ether extracted, the extract 
washed with cold aqueous sodium carbonate (2%) and dried over anhydrous 
sodium sulphate. The solvent was distilled off and the residue crystallised 
from ethyl acetate-petroleum ether mixture and then from methanol. It 
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separated as colourless broad rectangular plates, m.p. 63-64", undepressed 








. by admixture with the sample from (a). 
| 5-Hydroxy-7T-methoxy flavanone 
Ks The product obtained by the demethylation of 5: 7-dimethoxy 
a flavanone with aluminium chloride crystallised from alcohol as colourless 
te prisms, m.p. 100-01°, undepressed by an authentic sample of 5-hydroxy-7- 
methoxy flavanone.® It gave a red colour with ferric chloride in alcoholic 
solution and a green colour with concentrated nitric acid which rapidly 
changed to blue. 
5-Hydroxy-7 : 4’-dimethoxy flavanone (Naringenin dimethyl ether) 
er a This was prepared in a similar way from 5: 7: 4’-trimethoxy flavanone. 
in & It crystallised from ethyl acetate as colourless long rectangular prisms, 
re | Of m.p. 120-22°, either alone or with naringenin 7: 4’ dimethyl ether.” It gave a 
n & red colour with ferric chloride in alcoholic solution and a blue colour with 
is & concentrated nitric acid. It developed a brilliant purple colour with 
- FF magnesium and hydrochloric acid. 
- ; 5-Hydroxy-7: 2'-dimethoxy flavanone (Citronetin monomethyl ether) 

5:7: 2'-Trimethoxy flavanone underwent smooth demethylation and 
oe the product crystallised from ethyl acetate-petroleum ether mixture and then 
. : from absolute alcohol as colourless rectangular tablets, m.p. 91-92° either 
); alone or with an authentic sample of citronetin monomethyl ether.* It gave 
“ * a wine red colour with ferric chloride and a deep blue colour with concen- 
¥ A trated nitric acid. It developed a pink colour with magnesium and hydro- 
. ’ chloric acid. 

" : 5-Hydroxy-7 : 8-dimethoxy flavanone 

nf 5: 7: 8-Trimethoxy flavanone was subjected to selective demethylation 

t, and in this case the product was extracted with benzene and the benzene 

1e layer washed with hydrochloric acid and then with water. It was dried 
over anhydrous sodium sulphate, the solvent distilled off and the residue 

ic ‘ crystallised from methanol yielding colourless rectangular prisms melting 

. -F at 98-99°. The substance gave a green colouration with ferric chloride in 

2 q alcoholic solution. With concentrated nitric acid it developed an orange 

a ted colour (Found: C, 68:6; H, 5:0; C,,H,O; requires C, 68-0; H, 

tO 5*3%). 

$ 4 5-Hydroxy-7: 8: 4'-trimethoxy flavanone (Carthamidin trimethyl ether) 

This was obtained by the general method from 5: 7: 8: 4’-tetramethoxy 


flavanone. It crystallised from methanol as pale yellow broad and thin 
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plates melting at 137-38°. Its alcoholic solution gave a greenish brown 
colour with ferric chloride and a magenta colour with magnesium and hydro. 
chloric acid. With concentrated nitric acid it developed an orange colour 
(Found: C, 64-4; H, 5-7; C,,HigO, requires C, 65-4; H, 5-4%). 


5-Hydroxy-6 : 7-dimethoxy flavanone 


This resulted from the demethylation of 5:6: 7-trimethoxy flavanone 
and crystallised from alcohol as colourless rectangular plates, m.p. 148-~50° 
It gave a red colour with ferric chloride in alcoholic solution changing with 
excess to greenish brown. With concentrated nitric acid, it developed a 
wine red colouration (Found: C, 67:7; H, 5:4; C,,Hi.O; requires C, 
68-0; H, 5°3%). 


5-Hydroxy-6: 7: 4'-trimethoxy flavanone (Isocarthamidin trimethyl ether) 


This was obtained in good yield from 5: 6: 7: 4’-tetramethoxy flavanone 
and it crystallised from alcohol as pale yellow rectangular prisms, m.p. 132-33’, 
It gave a reddish violet colour with alcoholic ferric chloride changing gradu- 
ally to green. With concentrated nitric acid it developed an orange red 
colour, and with magnesium and hydrochloric acid a purple colour (Found: 
C, 64:8; H, 5:5; CygH sO, requires C, 65-4; H, 5-4%). 


7-Hydroxy-5 : 8-dimethoxy flavanone 


To a solution of 2: 4-dihydroxy-3: 6-dimethoxy acetophenone” (0:5 g.) 
in alcohol (5 c.c.), benzaldehyde (redistilled; 0-3 g.) in alcohol (2 c.c.) and 
saturated alcoholic potash (5 c.c.) were added and the mixture kept at room 
temperature (25° C.) for 48 hours. It was then diluted with 30c.c. of water 
and ether extracted to remove unchanged aldehyde. The aqueous solution 
on acidification deposited a brown oil which soon solidified on stirring to 
an yellow-brown solid. It was macerated with sodium bicarbonate solution, 
filtered and the residue crystallised from ethyl acetate yielding very pale 
yellow large rectangular prisms, m.p. 185-86°. Yield 0:3g. (Found: 
C, 67-9; H, 5-9; C,,H,.O; requires C, 68-0; H, 5-3%). There was no 
change when it was heated with alcoholic sulphuric acid and it should there- 
fore be the flavanone. 


5: 7-Dihydroxy-8-methoxy flavanone (Dihydrowogonin) 

7-Hydroxy-5: 8-dimethoxy flavanone (0-15 g.), ether (5c.c.) and an- 
hydrous aluminium chloride (0-5 g.) were stirred for 12 hours using magnetic 
stirrer and the mixture allowed to stand at room temperature (25° C.) for 


36 hours. Ether was distilled off and the brownish aluminium chloride 
complex decomposed with ice-cold hydrochloric acid (1: 1) and the decom- 
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position completed by warming on a water-bath to 45°C. The pale yellow 
product was extracted with benzene, and the benzene layer washed with 
dilute hydrochloric acid and then with water, dried and concentrated when 
the flavanone crystallised out. Recrystallisation from benzene yielded 
rectangular tablets, m.p. 147-48°, undepressed by admixture with the natural 
sample of dihydrowogonin (m.p. 148°) (yield 0-1g.) (Found: C, 66-9; 
H, 5:4; OCHs, 10:8. C,gH,,O; requires C, 67-1; H, 4-9; 1 OCHs, 10-8%). 


It gave a pinkish brown colour with ferric chloride, a red colour with con- 
centrated nitric acid and an yellow-orange colour with magnesium and 
hydrochloric acid agreeing with the behaviour of natural dihydrowogonin. 


Dihydrowogonin monomethyl ether 


Synthetic dihydrowogonin (0-05 g.) was dissolved in ether (10 c.c.) and 
a solution of diazomethane in ether (1-5 moles) was added. This mixture 
was left in the refrigerator overnight, ether distilled off and the yellow residue 
crystallised from methyl alcohol yielding long rectangular prisms, m.p. 
98°, undepressed by admixture with the same methyl ether similarly pre- 
pared from natural dihydrowogonin"™ and also with 5-hydroxy-7 : 8-dimethoxy 
flavanone already described. 


We convey our thanks to Prof. C. Mentzer and Dr. J. Chopin for the 
gift of natural dihydrowogonin and its 7-methyl ether. 


SUMMARY 


Anhydrous aluminium chloride in ether solution is found to be a con- 
venient reagent for the selective demethylation of the 5-position of methoxy 
flavanones and these 5-hydroxy compounds can serve as standard derivatives 
for comparison. A number of typical compounds are reported, the most 
important being naringenin dimethyl ether, citronetin monomethyl ether 
and carthamidin and isocarthamidin trimethyl ethers. The method has 
been employed for the synthesis of dihydrowogonin which has been recently 
isolated. This involves the preparation and partial demethylation of 
7-hydroxy-5 : 8-dimethoxy flavanone. 
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RHODODENDRON leaves are generally considered to be poisonous to cattle 
and sheep. Rhododendron falconeri is reported by Plugge! to contain the 
toxic substance andromedotoxin. Chopra? mentions the plant as a fish 
poison. The plant grows in the Himalayas from Nepal to Bhutan at alti- 
tudes from 9,000 to 13,000 ft. and has been described in the monograph 
Poisonous Plants of India by Chopra, Badhwar and Ghosh.* There is 
no record of chemical work on this species other than what has been men- 
tioned above. We have therefore examined the leaves with a view to 
isolate the crystalline components thereof. 


The powdered leaves were extracted with petroleum ether, ether and 
alcohol in succession. The petroleum-ether extract yielded, besides a large 
amount of wax, three crystalline substances, A, B and C, all of them in very 
poor yield. The ether extract yielded ursolic acid as the crystalline compo- 
nent in fairly good yield. From the alcoholic extract quercetin was obtained 
both before and after hydrolysis with mineral acid indicating that the pigment 
may be present in the plant material both in the free form and as glycoside. 


The three crystalline substances obtained from the petroleum-ether 
extract appear to be triterpenoid in nature. Substance A which seems to 
be isomeric with a- and B-amyrins gave neither an acetate nor a 2: 4-dinitro- 
phenylhydrazone. But it underwent isomerization on treatment with mineral 
acids. Substance B, whose analysis corresponds to that of a hydrocarbon, 
seems to be a new entity, while Substance C agrees with skimmiol (isolated 
from Skimmia japonica*) in its melting point and analysis. Dearth of mate- 
rial prevented any work on these three substances. 


The identity of ursolic acid was established by its conversion into the 
acetate, the methyl ester, the acetate of the methyl ester, the benzoate of the 
methyl ester and methyl ursonate. Their physical constants agreed with 
values described in the literature“? except in the case of the methyl ester 
Where our preparation has a lower melting point than described in the lite- 
rature®; the optical rotation however agrees with the literature value.® 
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Quercetin was characterized as its penta-acetate and pentamethyl ether, 
The combustion values for the pigment obtained from the extract were not 
entirely satisfactory, but the preparation obtained by hydrolysing the puri- 
fied acetate was quite satisfactory in every respect. The details are given jn 
the experimental portion. 


EXPERIMENTAL 


The coarsely powdered leaves (650 g.) were extracted under reflux with 
petroleum ether (4x2 litres). The petroleum ether-free powder was next 
extracted with ether (5x2 litres) and then with alcohol (3 <2 litres) under 
reflux. 


Petroleum-ether extract——The combined extract, on concentration and 
keeping in the ice-chest, deposited a large amount of wax. This was filtered 
and the filtrate evaporated to a thick consistency. When the residue was 
set aside for about two months, it deposited a small amount of crystalline 
solid. On treatment with warm acetone the crystals remained insoluble, 
but the amorphous portion went into solution (Solution X, see later). The 
crystalline portion was separated by fractional crystallization from benzene- 
acetone into two fractions, one melting at about 198° and the other at about 
232°. The former fraction, on recrystallization from benzene, separated as 
long needles (Substance A: 300 mg.) melting at 198°; [a] = + 71-9° +3 
(c = 0:873 in chloroform) (Found on sample dried in vacuo for 2 hrs. at 
105°: C, 84:7; H, 12-0. CypHygO requires: C, 84-8; H, 11-4%) 
With conc. sulphuric acid the substance gave a deep yellow colour changing 
to light orange and then to light pink; in the Liebermann-Burchard test it 
showed a pink colour. 


Isomerization—To a solution of the substance (25 mg.) in absolute 
alcohol (5c.c.), conc. hydrochloric acid (4 drops) was added. After re- 
fluxing for 4 hr. the solution was diluted with water (5 c.c.) when a precipitate 
separated. This was filtered, washed free from acid and dried in the desiccator. 
On crystallization from benzene-acetone it separated as thin lustrous plates 
(20 mg.), m.p. 248-50°; [a] = — 30-5° + 2° (c = 0-452 in chloroform) 
(Found on sample dried in vacuo for 2 hrs. at 105°: C, 84-3; H, 11°8. 
CyoH4gO requires: C, 84-8; H, 11-4%). The colour reactions were identical 
with those of the parent substance. The same product was obtained when 
in the above experiment conc. hydrochloric acid was substituted by 60% 
sulphuric acid. 


The fraction melting at about 232° on recrystallization from benzene- 
petroleum ether separated as fine needles (Substance B: 100 mg.) melting at 
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232-34° (Found: C, 87:7; H, 12-2. CyoHyg requires: C, 88:2; H, 
11:8%). It gave a yellow colour with conc. sulphuric acid and a pink colour 
in the Liebermann-Burchard test. 


The wax that separated from the petroleum-ether concentrate was 
warmed with excess of petroleum ether when most of it went into solution 
(Solution Y) leaving behind a small quantity of granular powder. This on 
filtering and crystallizing from benzene-methanol and benzene melted at 
979-80° (Substance C: 75mg.) (Found: C, 85:3; H, 12°3. C39H59O 
requires: C, 84:5; H, 11-8%). It gave the usual triterpenoid colour 
reactions. 


Solutions X and Y were mixed and evaporated to a syrupy residue which 
was saponified with N alcoholic potash and the unsaponifiable matter was 
extracted in the usual way. This on crystallization from absolute alcohol 
yielded some more quantity (120 mg.) of Substance A. 


Ether extract: ursolic acid——The combined extract on concentration to 
200 c.c. deposited a pale greenish solid. This was filtered and repeatedly 
crystallized from benzene-methanol and absolute alcohol, when it separated 
as colourless needles, m.p. 266-68° (2:6 g.). The ethereal filtrate was poured 
into excess of petroleum ether when a greenish solid separated. This on 
crystallization from benzene-methanol gave colourless plates (3-6¢.), 
m.p. 261-65°. A further quantity (0-2 g.) of the same substance was obtained 
on evaporating the petroleum-ether filtrate to a syrupy residue, extracting 
with hot methanol, treating the mixed methanolic extract with charcoal, 
filtering and concentrating the filtrate. All the above three fractions were 
identical (mixed melting point and colour reactions) and were therefore 
mixed and recrystallized from benzene-methanol, when colourless plates, 
m.p. 266-68°, were obtained; [a]% = + 64-6° + 3° (c = 0-692 in absolute 
alcohol) [Found: C, 79-1; H, 11-0. CyopH4gO; (ursolic acid) requires: 
C, 78:9; H, 10-6%]. With conc. sulphuric acid it gave a yellow colour 
slowly changing to violet and in the Liebermann-Burchard test it gave a red 
colour changing to violet, then blue and finally green. 


Derivatives of ursolic acid ——The acetate, prepared by heating the sub- 
stance with acetic anhydride and fused sodium acetate, crystallized from 
alcohol as colourless needles, m.p. 281-83°; [a}% = + 64°3° + 3° (c = 1-048 
in chloroform) [Found: C, 77-5; H, 10:4. C3,H59O,4 (ursolic acid acetate) 
requires: C, 77-1; H, 10-1%]. 


The methyl ester (diazomethane method) crystallized from petroleum 
ether as clusters of feathery needles, m.p. 110-12°; [a] = + 60-8° + 2° 
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(c = 0-670 in pyridine) [Found on sample dried at 90° for 3 hrs. under 
vacuum: C, 79:6; H, 10-1; —OCHs, 7-3. C3,H59O; requires: C, 79+1; 
H, 10-7; —OCH; (1), 6°6%]. 


The acetate of the methyl ester, prepared from the methyl ester with 
acetic anhydride and sodium acetate, crystallized from alcohol as rectangular 
rods, m.p. 243-45°;  [a]§ = + 63-7° + 3° (¢ = 0-662 in chloroform) 
[Found: C, 76-6; H, 10:2; —OCHs, 6:0. (C;3H;.0, requires: C, 77:3; 
H, 10-2; —OCH;(1), 6°1%]. 

The benzoate of the methyl ester prepared from the methyl ester with 
pyridine and benzoyl chloride crystallized from chloroform-methanol as 
colourless plates, m.p. 213°; [a]# = + 72-8° + 2° (c = 0-893 in pyridine) 
(Found: C, 80:3; H, 9-8. CssH;,O, requires: C, 79-4; H, 9-5%). 


Methyl ursonate prepared by treating a glacial acetic acid solution of 
methyl ursolate with chromic acid and purified by chromatography over 
alumina crystallized from chloroform-acetone as prisms, m.p. 192°; 
[a] = + 83-3°+ 1° (C = 2-262 in pyridine) (Found: C, 80-0; H, 10:8. 
C3;H4gO3 requires: C, 79-4; H, 10-3%). 

Alcoholic extract—The combined extract was concentrated to 200c.c. 
and the concentrate poured into excess of ether (500c.c.) whereby two 
immiscible layers were obtained. 


The lower layer was diluted with water and hydrolysed by boiling with 
sulphuric acid (effective concentration 7%) for 2 hrs. The dark brown 
precipitate that separated on cooling (13 g.) could not be crystallized. The 
aqueous filtrate was extracted with ether, the extract washed neutral, dried 
and evaporated. On crystallizing the residue from alcohol yellow needles 
(1 g.), m.p. 296-98°, were obtained. 


The ether layer was shaken with 5% potassium hydroxide solution and 
the separated alkaline solution neutralized with acid. On allowing to stand, 
the solution first deposited some sticky impurities and then a pale yellow 
substance which was identical with the substance obtained by the hydrolysis 
described above. 


Penta-acetyl-quercetin prepared from the above crystallized from alcohol 
as woolly needles, m.p. 194° [Found: C, 58-7; H, 4-0; —COCHs, 45-0. 
CosH29012 requires: C, 58:6; H, 3-9; —COCH; (5), 42-0%]. 


The acetate was deacetylated by dissolving the substance (60 mg.) in 
alcohol (5 c.c.), adding 20 c.c. of N sulphuric acid and refluxing for 18 hrs. 
The solution was cooled when the pigment precipitated out. It was filtered, 
washed and crystallized from aqueous methanol and aqueous acetone, whe 
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jt separated as fine needles, m.p. 318-22° (Found on sample dried in 
yacuo for 4 hrs. at 105°: C, 59-4; H, 3-8. C,s;H,9O, requires: C, 59:6; 
H, 3°37). 


The pentamethyl ether of quercetin, prepared by the action of dimethyl 
sulphate and anhydrous potassium carbonate in acetone solution, crystallized 
from dilute alcohol as needles, m.p. 150-51° [Found: C, 64-7; H, 5:7; 
—OCH;, 40:3. CzopHooO, requires: C, 64:5; H, 5:4; —OCH;(5), 
41-7%]. 

SUMMARY 


The leaves of Rhododendron falconeri Hook. have been examined for 
their crystalline components by extraction with organic solvents and frac- 
tionation along usual lines. Three crystalline substances which appear to 
be triterpenoid in nature were obtained from the petroleum-ether extract 
in very low yields. From the ether extract ursolic acid was obtained and 
from the alcoholic extract quercetin. 
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ERRATA 
(Vol. XLVI, No. 1, July 1957) 


CH,-CO,Et Cli, CO, Et 


Page 81. The formula N is to be changed into i 


Page 87, line 10. Read “*3-oxocyclohexane-1 : 2-dicarboxylate ” for ‘*2-oxocyclo- 


hexane-! : 2-dicarboxylate ”’. 
Page 89. Along the axis of the graphs read “‘Transmission ”’ for ‘* Absorption ”’. 


Page 89. ‘* The infra-red spectra were taken in carbon tetrachloride solution ” 
is to be inserted below the spectra figures. 
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